GEOMETRIC INEQUALITIES 


BY 


O. BOTTEM- 
Deift, The Netheriads 
R. Z. DJORDJEVIC 
Belgrade, Yugosiaia 
R. R. JANIC 
Belgrade, Yugosiaia 
D. S. MITRINC FIC 
Belgrade, Yugosia ia 


P.M. VASIC 
Belgrade, Yugosia:a 


VAN 


WOLTERS-NOORDHOFF PUBLISHING GRONINGEN 1969 
THE NETHERL:NDS 


LTERS-NOORDHOFF PUBLISHING, GRONINGEN,» 


No part of this book may be reproduced in any jorm 
by print, photopriné, microfilm or any other mearss 
without written permission from the publishers 


Printed in The Netheriands 


“ 
~ 


H 


a Sa AA a ail ate, eco adduct sae a nae Setlaisdt sis ocmemt aad 


Table of contents 


& 


ihe 


PIelace 2 ado ks ee: a a a 
INOUAUIONS: 2 eek ye See cel te ea Aaa we et a 
Inequalities involving only thee sides of a triangle . . 
Inequalities for the angles of :a triangle... . 2... 
Inequalities for the angles amd others elements of a 
thangle4 ass See eS BAe Sele eee aaa 
Inequalities for the sides aid tthe area Oo; a triangle 
Inequalities for the sides and ‘the radii of a triangle . 
Inequalities for the sides, the altitudes and the radii 
ofatriangle -... 2... 2.2.7 -e 2... 
Inequalities for the sides, the: area and the radii ie a 
triangle... ...- Se ee ee ae 
Inequalities for the medias, the angle-bisectors and 
other elements of a triangle. . 

Inequalities related to two aa inscribed one in 
(HE: CEH se iwoc the af GSE ase) SE cae eae gi alae 


. Inequalities involving elements of two tangles. — . 
. Special triangles. 2. 2 2. e 2 eee 


Inequalities for the distences o-f a point to the vertices 
and the sides of atriangie . 2 2... 1... 
Necessary and sufficient conditions for the existence 
Of a trangie <a en ts a ee OR a EE ee SZ 
Miscellaneous inequalities doe the elements of a triangle 
Inequalities for quadrilaterals. . . 2.2... 2... 
Inequalities for polygons. . - .. 1... 2... 
Inequalities fora circle... - 2-2... ee 
Index... 2.0... beh Ue. deeds gat at ee ged 


103 


119 
12] 
128 
136 
145 
149 


Preface 


This is i collection of inequalities in elementary plane geome- 
try, the najority of which deals with triangles and the remar- 
kable line associated with them. 

Geomezic inequalities are as old as geometry itself. The first 
book of Enclid’s Elements contains several theorems on inequali- 
ties for tt: sides and the angles of a triangle, the most important 
of which s perhaps Proposition XX: the sum of two sides is 
greater tian the third. It seems permissible to state that almost 
all geome=-ic inequalities are based in some way or.another on 
this theor=n. 

A muicude of inequalities has been found during the last two 
centuries. Ine of the oldest is that with respect to the radii of 
the circuncircle and the incircle: R > 2r, given by Euler in 
1765. It ll maintains its position of high quality in this field, 
because r. shows two properties for mathematical appreciation: 
it is simpe, but by no means trivial. Many others have been 
given in tie course of time, but while the elementary geometry 
of remariuole points, tines and circles (sometimes disparagingly 
referred t1 as the miccoscopy of the triangle) had its climax in 
the later tart of the nineteenth century, the interest in inequali- 
ties has ben increasing in, say, the last thirty years. The results 
are rathe: disjointed: they are scattered at random over many 
books, jownals, problem sections and examination papers. In 
this bool -ve tried to collect and present them to the reader, 
according “o a certain classification, although we are fully aware 
that the utter had to De imperfect in view of the data we had 
to deal wth. 

The colection offers a variety of theorems on geometric in- 
equalities \We inserte< a few which at frst glence mav seem 
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unsympathetic by their complicity or may evem be considered 
as bizarre. But the greater part is in our opiniom attractive and 
interesting and among them are some real gems. The effort 
involved in collecting, checking and classifying the contents of 
this book was more than compensated for by the pleasure ex- 
perienced from so many ingenious theorems and elegant proofs 
and we have admired the skill and the imagination of that 
multitude of mathematicians from former ancl recent years, 
whose contributions fill the following pages. 

With a few exceptions we were able to adel bibliographic 
references to the theorems. As some identical or samilar inequali- 
ties have appeared, obviously independent of each other, at 
different times and places, we are not at all certatn that we have 
always given due honour to priority claims. To snany theorems 
we added a complete proof, sometimes we restricted ourselves 
to a hint and in many other cases the proof was omitted alto- 
gether. We had no strict rules for that; we were guided by the 
importance of the inequality, the nature of the proof and the 
accessability of the reference. For all theorems, but especially 
for those without an added proof, we liked to think that the in- 
equality concerned could be a challenge to the reader. 

This is not a new book. A considerable part of it is a trans-_ 
lation of a publication in serbo-croatian Geometrijske nejednakosti, 
by all the authors with the exception of myself. It appeared as 
number 31 of the Matematitka Biblioteka at Beograd in 1966. 
The four members of the Yugoslave group have done the tedious 
field work; they have consulted innumerous volumes of likely 
and unlikely mathematical journals. After selectimg the material 
they classified it and checked the proofs. They comtmued in this 
manner when preparing the Engiish version amd during this 
second period they unearthed more valuable treasures. It was an 
honour and a pleasure to be invited to join their group and to 
be given an advisory task in the making of this edition as well 
as contributing thereto. Although each of the five authors 
mentioned in alphabetical order on the title page -cortributed his 
own share, the edition is essentially the result cf close operation 
and team work, 
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’ A comparison with the original version shows fiat the col- 
lection of inequalities has been extended and clasified anew. 
-On the other hand we decided on several grounds m delete all 
theorems on solid geometry: they are interesting, but rather 
isolated and we wished to give our work a certaix unity and 
brevity. The character of the book, however, hs not been 
changed. It emphasizes algebraic (including goniometic) methods 
and with some exaggeration one may state that all air theorems 
on triangles give inequalities for three real numbers « 8, c, which 
are corollaries of the system —a+5+ce>0, a—b+c> 0, 
a+b—c > 0. Consequently this book on geometric inequalities 
does not contain any drawings. 

O. B. 


The authors intend to keep a systematic check on the further 
development of geometric inequalities and to make an annual 
report on their findings in the journal: Univerzitet 1 Beogradu, 
Publikacije Elektrotehni¢kog fakulteta, Serija Matenatika i fizi- 
ka or in some other suitable journal. This report wil inform the 
reader about the state of research im the field. Tie authors 
welcome suggestions and critical remarks on the bouk, so as to 
make the report more complete. Such material shoul be sent to: 
Professor D. S. Mitrinovi¢, Department of Mathematiss, Electro- 
technical Faculty, University of Beograd, Yugoslavie 


Notat#ons 


‘In this book the following notations are used: 
{ 


A,B,C vertices of a triangle 
a,b,c sides BC, CA, AB 
“,B,y its angles 
hag hy, Be altitudes 
Ma, Mt, Mm, Medians 
We, Vor We angleHisectors 
circurcentre 
radius of circumcircle 
incenize 
radius of inctrcle 
orthocentre 
centod 
semi-perimeter 
' area of triangle ABC © 
point in the interior of a triangle 
ly, Ze excentzes 
Yq,7b,e radii of excircles 
R:, Re, R3 distances from P to the vertices of ABC 
11, 72,73 distances from P to the sides of ABC 
1, Wg, Wg angle-Lisectors of the angles BPC, CPA, APB 
ri, 72,73 Ceviaz segments PD, PE, PF 
RP) = Ry 
ri(P) = r¢ 
Q = (6—~0)? + (c—a)? + (2-1)? 
MN? == MN? = ‘(MN 


merge ® byt MO 
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10 NOTATIONS 

My(z, y, z) = (xyz)1/8 for k =0 
= (Hektytpet)UE for k #0, 
== min(z, y, 2) for k = — 
== max(z, y, 2) for k = + 

A, B,C, D vertices of a quadrilateral 

a,b,c,d sides AB, BC, CD, DA 

2, B,y,6 its angles” 

?.4 diagonals AC, BD 

I == 2s perimeter of ABCD 

F area of quadrilateral ABCD 


intersection of the diagonals 


1. Inequalities involving only the sides of a triangle 


1.1 3(be+-ca+-ab) < (a+b+c)? < 4(bc+ca+ab). 
Equality holds if and only if the triangle is equilateral. 
Proor. We commence with 2bc < b?+4c2, 2ca < c2—a?, 
2ab <a?16?. By adding together these inequalities, and chen 
adding 4(bc-+ca+ab), we get 
3(bc-+-ca+ab) < (@t+b+c)2, 
where equality holds only ifa=b=c. 
, Since a, b and c are the sides of a triangle, we have 
|b—-c| <a, |c—a| <b, la—b| < e, 
ie. 
(6—c)? < a?, (c—a)? < B2, (a—b)? < c?. 
By addition, we obtain 
a*+6?-+¢2 < 2(be-+ca+ab), 
i.e. 
bas (a+5-+-c)? < 4(be+ca—ab). 
F. E. Wood, Problem E 345, Amer. Math. Monthly 45 (1538), 
551. 


; 36 abe 
1.2 a?+b2+c2 > —{ s+ ——]. 
- 35 Ss 


“Equality holds if and only if the triangle is equilateral. 
ProoF. Using the inequalities 


a®— b+ c2 > Yatb—tc)? 
and 
| abe < [Hatb-+0)'8, 


10 
My,(<, ¥, 2) 


A, B,C, D 
a,b,c,d 
8, y, 8 
P:4 

I = 2s 

FE 

P 


NOTATIONS 


= (xyz) V3 for k =0 

= (Mettyttet)) for k £0, 
= min(x, y, 2) for k = — 
= max(x, y, 2) for k= + 
vertices of a quadrilateral 

sides AB, BC, CD, DA 

its angles. 

diagonals AC, BD 

perimeter of ABCD 

area of quadrilateral ABCD 


intersection of the diagonals 


1. Inequalities involving only the sides of a triangle 


1.1 3(be+ca+ab) < (a+b+c)? < 4(bc+ca+ab). 


. Equality holds if and only if the triangle is equilateral. 
Proor. We commence with 2bc < b?+c?, 2ca < c2—a?, 
2ab <a?+4b2. By adding together these inequalities, and chen 


adding 4(be-+ca+ab), we get 
3(be-+-ca+ab) < (a+b-+e)2, 


where equality holds only if a = 6 = c. 
, Since a, b and c are the sides of a triangle, we have 


jb—c| <a, |c—al <b, la—dl < e, 
ice. 
(6— c)? < a, (c—a)? < 82, (a—b)? < 6%, 


| By addition, we obtain 
at-+-b24 2 < 2be-+eat ab), 


< (a+b-+-c)? < 4(bc+ca+-ab). 


F. E. Wood, Problem E 345, Amer. Math. Mortthly 45 (1538), 
551. 


Equality holds if and only if the triangle is equilateral. 
Proor. Using the inequalities 
a®—B?+¢2 > b(atb+c)? 


and 
zhe < [dat be)33, 
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where the equalities h@ld if and only if a = 6 =c, we have 


4 36 1 
2 2 2 : 2 —. 2 ee 
aities St= Sls + (4s) =| 


36 atbtc\? 1 
=o s2 + — 
35 3 ) s 


with equality only if a = b= c. 
J. F. Darling-W. Moser, Problem E 1456, Amer. Math. Month- 
ly 68 (1961), 294 and 930. 


1.3 8(s—a)(s—b)(s—c)) < abe. (1) 
Equality holds if andi only if the triangle is equilateral. 
Proor. We have 

Nat (0-0? <a, VR—(C-al? <b, VP—(a—8)* Xe, 

ie. 

VG@+b—o? (b+c—ajticta—b)? <ake. 

Since 6+c—a, c+-a—:b, a+b—c ate positive numbers, we get 
.  (a4b—c)(b-+c—a)(a+b—c) < abe. 


Equality in (1) holds if and only ifa = b= c. 
A. Padoa, Period. Mat. (4) 5 (1925), 80-85. 


14 8abe < (a+-b)(6+¢)}(c+a), 


with equality if and onJy if the triangle is equilateral. 
E. Cesaro, Nouvelle Correspondance Math. 6 (1880), 140. 


REMARK. This inequality also holds for all non-negative real 
numbers a, 5, c. ” 


15 3(a+b)(bLce)(cLa) < (a? +i3—c3), 


with equality if and only ifa=s=c. 
A. Padoa, Period. Mat. (4) 5 (1525), 80-35. 
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REMARK. This inequalicy also holds for all non-negative real 


numbers 4, 0, ¢. 
1.6 2(a+d-+-c}(a?+b2+¢5 > 3(a3+- 53+ c8+-3abe), 


with equality if and onlyifia=b—c. 
M. Colins, Educational Times 13 (1870), 30-31. 


1.7 abc < a?(s—a) + b?(:—5) + c?(s—c) < Jabe. 
Proor. Since 
235 a%{s—a) = ¥ e(b4+c—a) = — Yai + ¥ Be 
and 
(b+-c—a) (c-+-a—6)(a—b—c) = — Yad + 3 be —2abe 
we have 
2 ¥ a®(s—a) = (6-+-:—a)(c-+a—b)(a+6—c) + abe. 


From (2) and 1.3 follow: (1). 
‘ Equality holds if and ory if the triangle is equilateral. 


1:8 bc(b-+-c) + ca(c+a) +.25(a+b) > 48(s—a)(s—b)(s—c). 
. Equality holds if and on-y if the triangle is equilateral. 
Proor. Since 


b+c2> > 2Vbc, c—a > lea, ca, atb> 2Vab, 


we have 


> Sc(b+c) + ca(c+a) + ab(c+-b) > 2°(bc)3/2 + (ca)3/2 + (ab)3/ 


By arithmetic-geometric mean inequality we get 


(bc)3/2 + (cz.3/2 + (a6)3/2 > Babe, 
so that 
be(b-+-c) + ca(c+a) + ab(a+b) > 6adc. 


From (2} and 1.3 follows (1). 
1.9 a3(s—a) + 53(s—b) —-c3(s—c) < abcs. 
‘Proor. This inequality is equivalent to 
a?(a—&) (a—c) +, b°(?—c)(6—a) + c?(c—a)(c—d) > 0. 


(1) 


(2) 


(1) 


2}. 


(2) 


(1) 


(2) 
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Inequality (2) holds because it is a particular case of Schur’s 
imquality (see: G. H. Hardy, J. E. Littlewood and G. Pélya: 
Imqualities, Cambridge 1934, p. 64). 

Equality in (1) holds if and only ifa=-b=c, 

J. Andersson, Problem E 1779, Amer. Math. Monthly 59 
(1-52), 41. 

1:0 For all real ?, 
at(s—a) + b#(s—8) + ct(s—c) < fabc(at-2-+ Bt-24 ¢t-2), 

Equality holds if and only ifa=5—c. 

This result is due to R. Z. Djordjevic. 
1G = a*b(a—b) + b2c(b—c) + ¢?a(c—a) > 0, 
wiere equality holds if and only if the triangle is equilateral. 

E. Catalan, Educational Times, N.S. 10 (1906), 57. 

12 64s3(s—a)(s—b)(s—c) < 27a?b?c?. 


Equality occurs if and only if the triangle is equilateral. 

A. Padoa, Period. Mat. (4) 6 (1926), 38-40. 
13 Ifg= (0/2), then 

2(s—q)(2s--q)? < 27abe < 2(s+g)(2s—g)?. = — (1) 

The first and second equality in (1) hold respectively for iso- 
scles triangles whose base is the sniallest and largest of the 
tiree sides; of course, both equality signs apply when the triangle 
is equilateral, since in that case g = 0. 

R. Frucht, Canad. J. Math. 9 (1957), 227-231. 


fig Peo I ate i‘ 
ab a® be c2 
Equality holds if and only if the triangle is equilateral. 
DRooF. Since 
(be)? + (ca)? + (ab)? > (ca) (ab) + (ab) (bc) + (be)(ca}, 


i€, 
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and 

2s 1 1 1 
: abe be! ca! ab" 
we conclude that (1) holds. 
- Gaz. Mat. B10 (1959), 162, 


1 1 9 
ae So 


= 
s—b s—c Ss 


1 
1.15 ——+ 
s—a 


Equality holds if and only if the triangle is equilateral. 
3 a b c 

: —<—— + — 4+ —~ <2. 1 

aes 2 pie ee a . (1) 
- Equality occurs if and only if a =b=c. 

Proor. By means of arithmetic-harmonic mean inequality, 

1 I 1 9 

— +—— + —- > -——_-_—— 2 

b+te y cae ‘i a+b ~ 2Aa+tb+o)' (2) 


with equality if and only ifa=b=c. 


Since 
a b 1 I 
itteta wa pr eroea(s Bie ai ea) 


we conclude by (2) that the first inequality in (1) holds. 
Since 


b+e> $(a+b-+0), c-a> fatbte), a+b>4(a+b-+0), 


we have 


. This proves the second inequality in (1). 

A. M. Nesbitt, Problem 15114, Educational Times (2) 3 (1903), 
37,38. 
' M. Petrovic, RaCunanje sa brojnim razmacima, Beograd 1932, 
p. 79. 


1 
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REMARK. The first inequality im (1) also holds for all non- 
negative real numbers. See, for example, D. S. Mitrinovid, 
Elementary Inequalities, Groningen 1964, 144-147. 


wy es sta s+é + ste ee 
4 b-be c+a a+b 2 


Equality occurs if and only ifa=b=c. 
Gaz. Mat. B7 (1956), 438. 


feo is a ee 
b c b c 
Gaz. Mat. B 15 (1964), 422. 
21 f24 62 
a < a?-+b2+e sie a 
3 (a+b+ce)2 “2 
Equality occurs if and only ifa=b =c., 
M. Petrovic, Ens. Math. 18 (1916), 153-163. 
1.20 Vs<Vs—a+ Vs—t4+ Vs—c<v'3s. 
Equality holds if and only if the triacde is equilateral 
A. Santalé, Math. Notae 3 (1943), fas. 2, 65-73. ents 
E. G. Gotman, Matematika v Skole 1565, No. 1, 76. 
1.21 For all real #, - 
2F -min [(abc)-2/5, (max (a, 6, c) min (g, 6, oy a, b a 
< Mi(ha, ho, he) é 
< 2F max [(abc)-2/8, (max (a, b, c) wn (@, 6, c)}—JAL,(a, 8, c). 
O. Reuter, Elem. Math. 18 (1963), 34-35. 
1.22 For all real ¢, 
(a2-+52+c?) (t-2ct-2-L et 2gt-2 pat-fit-2) 
< 2(at-+ otc) (at-24 M24 ct), 


1.19 


Proor. Consider the point P which bzs the barvcentric coor- 
dinates at, bt, ct. Then 
(at -Lbt-L ct) (bc? + ctb2) —a2hict—atb2ct —atite? 


PAP ss 
(attofte? 
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whence 


PA2 Zz (at-+-bt-+-ct) (bt-2-4 ct-2) —~ a ht-2¢t-24 cf-2gt-2_4 gt-2ht-2 


B22 (¢-+b'+c8)2 
PB2 2 
with the analogous forrmulae for —— and pie 
eq? a2b2 


Therefore 
iPA® 32 PC 
(at -+-bt+-ct)2 eS + Gz + aa) 
= 2(at-+ t+ ct) (at-2—Bt-2 4.ct-2) 
— (a2 bE 4 c2) (bt-2cr-24 ct-2gt-2 4. at-2ht-2), 
" Since the first membeer of this ezuality is positive, the second 
member will also be pessitive. 
LL. Bénézech, Problern 412, J. Nath. Elém. Paris (4) 1 (1892), 
234. 


1.23 (44+6-+c)8 < S[be{b+c) + cac+a) + ab(a+-b)] — 3abe, (1) 
with equality if and ay if the tringle is equilateral. 
- Proor. We have 

(@+6+-c)3 = a3-+ 58-4084 tube ; 


; + 3[Gc(b+c) + c(c+a) + ab{a+b)}] — 3abe. 
- Since (see: 1.6) 
a3+-b3—¢3+9abe «<< 2[bc(b-+-c, + ca(c+-a) + ab(a+d)], 
from (2) we obtain (1). 
' S. Reich, Problem E 1930, Ame. Math. Monthly 73 (1966), 
1017-1018. 


1.24 (+5) +2)<o+ Bact ss 
f7) c Cc 7) 


C. Tonescu-Tiu, Gaz, Mai. BIS 1964), 272. 
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2. Inequalities for the angles of a triangle 
21 O<sin a+sin B+sin y < 3V3. 
Equaty holds if and only if the triangle is equilateral. 
Proos. Starting from 
a?-+-b2..c2 = 8R2(1--cos « cos B cos y) 


and. 
ere < at+b2402, 
we have 
enh < a?+6?+c? = 8R2(1-+cos a cos f cas y) < 9R?, 


where ve used the inequality 2.23. 
From (2) and the sine law, we get (1). 
A. Padoa, Period. Mat. (4) 5 (1925), 80-85. 


(1) 


(2) 


T. R. Curry, Problem E 1644, Amer. Math. Monthly 76 (1963), 


1099 ani 71 (1964), $15-916. 


ee 


2.2 O<sina+sin f+siny < 3/3 in each triangle. 


2<sin w+éin Ptsiny <$3V3 _ in acute triangles. 


0<sina+sinftsiny< 1+ 2 in obtuse triangies. 


O. Brttema, Euclides 30 (1954/55), 114-116. 
ReMz2K. Inequalities (1) and (2) are also proved in: 


(1) 
(2) 
(3) 


R. Keoistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 


2.3 O<sin® «-sin? B+sinty < 2 in each itiangle. 


2< sin? a+sin* f+sin?y < 2 in acute triangles. 


O< sin? ¢-+sin? 3+sin? » <2 in obtuse triangies. 


R. Keoistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 


\ 
2.4 sitz+sin #-+sin y > sin 2<+-sin 23+-sin 2y. 


Equazty holds if and only if the triangle is equilaterai. 


THE ANGLES OF A TRIANGLE 


Proor. Applying the sine law we obtain 
. . a+tbte F 
2R rR- 


sin atsin B-sin y = 


Also 


sn 2x-+sin 23-+-sin 2y = 2(sin «cos «+sin B cos 8+sin y cos y) 


1 
ee (a cos «+b cos B+-c cos y). 


Since 
2 
a-cos «+-b-cos B+c-cosy = Re 
ve have 
sin 2x-+sin 28+sin 2y = Re 
’ Therefore Y 
sin a+sin §-sin y R 


=-——- 2 l 


sin 22+sin 28+sin2y 2r ~ 
22 4/sSmo+Vsin Isin B+-Jsin y < 373. 
PRooF. Since 
ae (e+-y+2)? < 3(x?+-y?+-2%),, 
8 [a a Loan ee 
x= WVsin«, y = Vsin B, z= siny, 
w= obtain 


Vsin «+/sin B+Vsin y < J3(sin «-tsin B+sin »). 


The given inequality follows from inequality 2.1. 
TL Albu, Gaz. Mat. B 14 (1963), 177. 


2% If% <1, then 
M;(sin a, sin , sin y) < 4V3. 
fez. Met. B 14 (1963), 681. 


25 sin « sin Zsiny < } V3. 
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Equality holds if and only if the triangle is equil:eral. 
K. P. Wilkins, Amer. Math. Monthly 44 (1937), 579-583. 


28 O<sinasinfsiny<3V3 in each triatgle. 
O<sinasinfsiny< 3/3 im acute tnagles. 
0 <sin asin Bsiny <}/3 im obtuse tringles. 


R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58. 108-115. 


. «@ . B - y 3 
fae, — —-<-. 
2.9 l<sin-- + sin-> + sin— 5 


Equality occurs if and only if x = 9 = y. 

R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58, 108-115. 
REMARK. The second inequality has also been proved in: 
J. M. Child, Math. Gaz. 23 (1939), 138-143. 


2.10 sinasing sin. <2V3. 


Equality holds if and only if « = f, with cos 2 = 4V3. 
K. P. Wilkins, Amer. Math. Monthly 44 (1937), 579~583--—- 


at sin sn £ sin y < g,(2V13—5) V2 13+ 


Equality holds if and only if « = B, where cos « = 4(V13— 1). 
K. P. Wilkins, Amer. Math. Monthly 44 (1937), 579-583. 


Equality holds if and only if the wiangle is equilateral. 


Proor. Since 


Pp | pcs Gael 


and as we have similar expressions for sin #/2 ani sin »/2, we 
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obtain 
«© . Bi. y  (s—aj(s—(s—c or 1 
sin-> sin > sin-> = a aa t 


where 5.1 has been used. 
Equality holds if and only if the triangle is equilateral. 
REMARK. This inequality was proved in 297. See: T. Radé, 
Amer. Math. Monthly 39 (1932), 85-90. 
V. Krylov, Matematika v Skode 1938, No. 5-6, 134. 
J. M. Child, Math. Gaz. 23 (1939), 138-14¢ 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (157/58), 108-115. 


2.13 sin = sin £ sin - < 3 f5V10—14). 


Equality holds if and only if « = £, wher 
cos > = 'E(V/10+2). 


K. P. Wilkins, Amer. Math. Monthly 44 *737), 579-583. 


B 


3 : - 
2.14 3 Ssin? = + sin? 5 + sin? > <1. (1) 


Equality holds only if the triangle is equiateral. 
_ ProoF. Since 


sin? > + sine £ + sin? - = $—4(cos e—cos B-tcos 7}, 


on the basis of 2.16, we conclucle that inequiity (1) holds. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (157 /58}, 108-115. 
. : ; : ‘ E 3 
our sin sin 5 + sind sin  +sinfant <q: 
Equality holds if and only if the triangle + «quilateral. 
J. M. Child, Math. Gaz. 23 (1939), 138-142 


2 GEOMETRIC INEQUALITIES 
2.16 1<cosa-+crs B+-cos y < 3. (1) 
Equality holds if and only if the triangle is equilateral. 
ProoF. Since «/Z B/2, y/2 <x/2, from 
Bay 


cos «+cos f+-cosy = 1+4sin > sin 3 sin me (2) 
the first inequality in (1) immediately follows. 

The second ineqzality in (1) follows from (2) on the basis 
of 2.12. 

REMARK. For th: second inequality in (1) see: J. M. Child, 
Math. Gaz. 23 (19%), 138-143. Later a weaker inequality was 
established by A. N. Aheart, Problem E 1298, Amer. Math. 
Monthly 67(1960), £2. 

R. Kooistra, Nierw Tijdschr. Wisk. 45 (1957/58), 108-115. 


2.17 cos a-+-+/2(cos 8+-cos y) <2. 
Equality only if x = 2/2, B = y. 


PROOF. Since a—j+y = a, we have 


aL ear 
cos a+/2(cos ¢--COS y) = cos a+2y/2 cos : cos r 
= cos ao/2 sin = cos ad 


< cos -+-2,/2 sin 3 


2 
5-9 (sn zs iv) 22 
This proof is due to R. P. Luti¢. 
2.18 If is real, Sen 


cos =—z(cos 8+-cos 7} <<} + 


tol Bs 
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Proor. For any three real numbers f, y, 2, the following 
Enequality holds: 


(cos B-+-cos y—A)? + (sin 8—sin y)? > 0. 
After squaring and then dividing into groups, we get 


42 
— cos(B-+-y) + A(cos B+-cos 7) <1 + — 


Since «e—f+y = 2, we have 
R2 
cos a+A(cos B--cos y) < 1 ne, 
Equality occurs if O< A < 2; cosa = 1—/#/2, cos B = cosy 
== A/2. 


Remark. For 4 = \/2, we obtain 2.37. 
Z. Mitrori¢, Mat. Vesnik 4 (19) (1967), 341. 


2.19 Let the lengths of the sides of a triangle be a, b, c, with 
a>b>c, and the opposite angles «, 3, y, respectively. Then, 
for the angles a, £1, 71, of an arbitrary triangle, 


bc+-ca—ad < be-cos 21-+-ca-cos B1-+ab-cosy1 < (a? +-6?-+-c). 


, (1) 
Equality is valid only if a; = «, Bi = B, y1 == ¥. 


REMARK. If « = 8 = y, inequalities (1) give 2.16. 
_If «@ =22 and Bf = y = 2/4, then (1) gives 2.17. 
Tf @ = 2/3 and Bf = y = 1/6, then (1) reduces to 


] < cos 21+V/3(cos Bi-+cos 71) < 2. 
Equality holds if and only if «; = 27/3, By = 71 = 7/6. 
P. Szasz, Monatsh. Math. 66 (1962), 174-176. 


2.20 If x,y, 2 are real numbers such that xyz > 0, then 


Ve RX xy 
x-cosaty-cos cosy < = —i —., ] 
ary cos f+-z-cosy <5 ay De (1) 


If xyz < 2, then in-quality <1!) is re-ersed. 
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Equality is valid in both cases if and only if 
| er | 3 : ; 
—i-+i—=sine:sinf:siny. 
a oa: 
'Proor. If x, y, z, «, 8 are real numbers, then 
(xz-cos a+-yz-cos B—xy)? + (xz-sine—yz-sin B)?>0, @Q 
i.e., 
y2z2@t 22x24 x22 4 2xyz? cos (a+ 8) —2xy?z cos B—2x*yzcosa SL 
; @ 
Since a+f+y = 2, (3) gives . 
2x2yz cos a-+- 2xy2z cos B-+-2x4'2? cos y < 2224 22x24 42y2, 
If xyz > 0, after division by 2xyz, we get (1). If xyz < 0, we 
obtain the reversed inequality. 
Equality in the considered inequalities holds if and only if 


£x-Cos a+-42-cos B—xy = 0, zx-sin a—yz-sin B = 0, 


i.e., 
1 I 1 : é F 
—i—:—=sine:snf:siny. 
x Yy 2 


REMARK. Inequality (1) in the case where x, y, z are positiv: 
numbers was established by D. F.. Barrow. The above general: 
zation and proof are due to R. R. Jani¢. 

D. F. Barrow, Problem 3740, Amer. Math. Monthly 44 (1937, 


252-254. 
R. R. Jani¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Maz 


Fiz. No. 181-196 (1967), 73-74. 

2.21 2< cos? a+cos? B+cos? y <3 in each triangle. 
2 < cos? x-+cos? 8+cos?y <1 in acute triangles. 
1 < cos? z-+cos? 8+cos?y <3 in obtuse triangles. 


Equality holds only for the equilateral triangle. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108~115. 


2.22 cos fcosz—cos + cos a-+-cos acos P< }. 
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There is strict inequality except when the triangle is equi- 
lateral. 
J. M. Child, Math. Gaz. 23 (1939), 138-143. 


2.23 cosacosPcosy < }. () 
Equality holds if and only if the triangle is equilateral. 


Proor. For acute triangle cos a, cos B, cos y are positive, so 
that on the basis of arithmetic-geometric mean inequality, we 
have 

cos z-+cos B--cos y \3 
cos acos B cosy < (EEE) 


3 


Using 2.16, we conclude that inequality £1) is true. . 

For right and obtuse triangles inequalitsy (1) is immediately 
established. 

C. C. Popovici, Gaz. Mat. 31 (1925), 132. 

J. M. Child, Math. Gaz. 23 (1939), 138-143. 


2.24 —1<cosacosfcosy<} in each triangle. 
0< cosacosPcosy <} in acute triangles. 
—1 <cos«cos Bf cosy <0 in obtuse triangles. 


Equality on the left side holds for a rectangular triangle, ae 
on the right side for an. equilateral triangle. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1257/58), 108-115. 
2.25 If «< 2/2 and 8 < 7/2, then 
cos a + cos f# > sin y. 


If « > 2/2 or B > =7/2, then reversed inecquality is valid. 
A. Pantazi, Gaz. Mat. 23 (1917/18), 144 

_ V. Cristescu, Gaz. Mat. 26 (1920/21), 88-89. 
B. M. Barbalatt, Gaz. Mat. 30 (1924/25), 383-381. 


2.26 cosecosfcosy < < d,(cos*(f —y) +cos?y — x} +c08?(x—8}). 


Proor. Br (x--4)? > 4xy we obtain 


(cos 2+2 cos 2 cos+ 3" S B-cos a cras § cos 7. (2) 
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Since 
cos a= —cos(f+-y), 
(2) gives 
(—cos (B-+-y) + 2 coz 8 cos y)? > 8-cos «cos B cos y, 
i.e. 
cas?(8—y) > 8-cos «cos f cos y. (3) 
Similarly 


cos?(y—a) 2 8-cos xcosBcozy, cos?(«—f) >8-cosacos Bcosy. (4) 


Adding (3) and (4) we get (1). 
C. Cosnita and F. Turton, Culegere de probleme de algebra, 
Bucuresti 1965, pyp. 176-177. 


2.27 2< cos — + Praee cos 2 < 3V3. 
2 2 2 
Equality only #f the tnacgle is equilateral. 
R. Kooistra, Naeuw Tijé:chr. Wisk. 45 (1957/58), 108-115. 


2.28 O<cos > cos £ cos = <2\V3 imeach triangle. 


1 . 
3 < cos = ‘cos £ cos zt < 3/3 in acute triangles. 


O< cos — cos £ COE = < V3 in obtuse triangles. 
R. Kooisira, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 


Zz y 9 
2.29 2 <costS + cost + cost T <=. | 
Equality holds if and ontr if the triangle is equilateral. 
R. Kooistra, Nieuw Tijds:hr. Wisk. 45 (1957/38), 108-115. 


2.30 tgattgf—-tgy2> 343 in acute triangles. 
tga+tg pL tgy <0 in obtuse triangles. 


R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-215. 
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2.31 tg? a+tg? fg? y > 0 in each triangle. 
tg? attg?*poe®ySo - in acute triangles. 
R. Kooistra, Nieuv Tijdschr. Wisk. 45 (1957/58), 108-115. 
2.32 tgatgBtgy> 3V3 in acute triangles. 
tgatgBtgy <0 in obtuse triangles. 


R. Kaoistra, Nieuv Tijdschr. Wisk. 45 (1957/58), 108-115. 


2.33 tes tight igh > v3 


Equalaty holds if aid only if the triangle is equilateral. 

J. Karamata, Projlem 119, Glasnik matemati¢ko-fizitki i 
astronomski 3 (1948}.223. 
' +R. Kooistra, Nieuv Tijdschr. Wisk. 45 (1957/58), 108-115. 


ae see 4 
; 0 — tg —tg —<lv3. 
2.34 O< tg 5 8s tg 3 1/3. 
Equality holds if aid only if the triangle is equilateral. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 
ae eee) ee ee 
2.35 tg?—+tg?—+tg?—>l. 1 
35 tg’> t+ te? + tee (1) 
‘Equality holds if ani only if the triangle is equilateral. 


Proor. Since 


vy _ a 2th 
2 2 2’ 
we obtain = 
1—iga/2t 
gt cine 80/278 B/2 
2 tg a/2—-tg 3/2 
i.e. 
By y, 6 ee; 
tg — tg — -tg-—- tg — —ig—itg—=1] 
bog yg By Ro eS 
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By tge/2—= x, tgf/2=—y, tgy/2 == the last equality be- 

comes 
yzpextay = 1. (2) 

From 
2x2 y2 +22) — 2Ayztax-tay) = (y—z)2+(e—a)24 (ey)? D0 
and from (2) follows 
x? y2-+22 DB I, 
ice. (1). 

C. V. Durell and A. Robson, Advanced Trigonometry, London 


1948, p. 277. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 
« B Y 
36 tg&— + tg6— + tg B—. 
2 BZ tte > tte 5 45 


Equality holds if and only if the triangle is equilaterad. 
B+ / y, «@ j a 8B 
37 Vightg? 4s teLte— ftp—tet 
2.3 B5 gst + 8% e=+5+| testgst+S < 4V3. 


Ju. A. Izosimov, Matematika vSkole 1953, No. 3, 94 and No. 6, 
85. 
2.38 cotga+cotg f+cotgy > 3, 
with equality holding if and only if the triangle is equilateral. 


— 


PROOF. 
cotg a+-cotg B= snlene): = eee ca ee 
sin o Sin cos (x—f)}-+-cos y 
2si ru 
> es (eee 2tg—. 
l+cos y 2 
Therefore F 


cotg a+-cotg B+-cotg y > 2-tg £ +cotgy 


oo gl OE NO TS 
2 2cotg»/2 2eotg y/2 
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T. Varopoulos, Bull. Sec. Math. Gréce 15, (1934), 17. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 


2.39 cotg? a+cotg? f-+cotg? y > I. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/'58), 108-115. 
2.40 cotg acotg Bcotgy < iV3 in acute triangles. 
cotg «cotg Bcotgy <0 in obtuse triangles. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 


2 
- R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 


2.41 cotg—> + cote + cotg ae > 3V3. 


2.42 cote cotg £ cotg + > 373. 


+ 


R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 
a. B, y is 
285 cotg? Zz + cotg? ar cotg? z >. ) 


' Equality holds if and only if the triangle is equilateral. 


‘ PRooF. By the harmonic-arithmetic mean inequality and 5y 
tg «/2, tg 8/2, tg y/2 > 0, we have 

Be? Vian «8B 

— tg++tg—tg—+itg— tg 
(4 BU tee ey tts tes 


x (cote cotig = + cotg - cotg + + cotg > cotg 5) 2S. 


_ Since 
Bey 4% a £6 
8587 tee tts tS! 
we get 
6 ? Z « a B 
Stee CORE <5-or COLE. Ce a Ole cotg eae 2) 
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By adding the inequality 


a B a B 
te? — tg? — =: 2 cote — = 
. cote Foe 7? cotg-— cotg 5 
to two inequalities obtained by cyclic permutation of «, f, y, 
we get 


cotg? = + cotg? & + cotg? + 
2 cotg cotg = + cotg Lcotg > + catg > corg £ 


which together with (2) gives (1). 
R. Kooistra, Nieuw Tijdschr. Visk. 45 (1957/58), 106-115. 
Ju. I. Gerasimov, Matematika 7 Skole 1964, No. 3, 75. 


2.44 cotg? = + cote + cot + 


> (cots + cotg £ + cotg ZNiotg x-+cotg #+cotg y). (1} 
Proor. Using the notation cotg 2,2 = x, cotg 3/2 = y, 
cotg 7/2 = z, from ep ese 
xtyfe= xyz 
i.e. 
zPf yp 2? = (22 — I)yzt-(9?— lex 2 I)xy—eter tay). 
Since 
x2 4y24 22 > -ztoxtxy 
we get 
Ax2+ 92-27} > (82 Ljye—(y2— Nae GP Nay 
Le., 


yttst > ae( i a nS 
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By cotg a/2, cotg 8/2, cotg y/2 substituting for x, y, z and 
using the fornvula 
cotg?(#/2) —1 
2 cotg t/2 
from (2) we obtain (1). 
C. Cosnita amd F. Turtoiu, Culegere de probleme de algebra, 
Bucuresti 1965, p. 176. 


= cotgé 


2.45 seca+sec B-+sec y > 6. 


Equality bolids if and ozly if the triangle is equilateral. 
J. M. Child, Math. Gaz. 23 (1939), 138-143. 


2.46 sec? a-+sec? f+sec*y > 12 in acute triangles. 
sec? a+ sec® Btsecty > 3 in obtuse triangles. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115. 
2.47 sec Bsec-y+secy sec a-Lsec a sec BS 12. 
Equality only applies when the triangle is equilateral. 
J. M. Child, Math. Gaz. 23 (1939), 136-143. 


2.48 sec? > -+ sec? £ — sec? + 34. 


R. Kooistra, Nieuw Tijéschr. Wisk. 45 (958/57), 108-115. 
2.49 cosec a-+-cosec f-~-cosec y > 2V3, 


with equality omly for equZateral triangles. 
T. R. Curry, Problem E 186], Amer. Math. Monthly 73 (1966), 
199, 


2.50 cosec? «-}-cosec? B+-cosec® y > 4. 


R. Kooistra, Nieuw Tiéschr. Wisk. 45 (1957/58), 108-115. 
2.51  cosec = -+ cosec ce — cosec Es > 6, | 
2 2 2 


with equality holding uf acd only if the triangle is equilateral. 
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J. M. Child, Math. Gaz. 23 (1939), 138-143. 
M. S. Klamkin, Problem E 1361, Amer. Math. Monthly 66 
(1959), 312 and 916-917. 


2.52 cosec? > + cosec? £ -+ cosec? $ 3 12. 
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-1 15. 
2.53 cosee cosec F + cose Z cosec = + cosec = cosec a 3 12. 


Equality holds if and only i the triangle is equilateral. 
J- M. Child, Math. Gaz. 23 £1939), 138-143. 


2.54 cosec x-+cosec f-}-cosec 3 > 3 sec sec £ sec < : (1) 


Proor. Putting x = sina, 7 =sinf, z= siny in 


4 x y z ? 


we obtain 
9 neh eS 
cosec a+-cosec cosec » > ——____-—__---——. 2 
oe B+ ae sin e-+sin B+-sin y @) 
Since Su he 
; , : a B y 
sin x sin P—+sin y = 4cos— cos — cas —— 
epee cama 7 teres Meme 


from (2), we get (1). 
C. Tonescu-Tiu, Gaz. Mat. B 14 (1963), 225. 


2.55 cosec 2x-+4-cosec 28-+-cosec 2y > cosec «+cosec B+cosec y 


s, & oo B s Y 2 x fj ¥ 
2.56 {sin——+ sin—-—-sin— | <cos?*— — cos? cose. 
(sa sins in) cos*-= + cos yt cos 5 (1) 
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Proor. One of the following relations holds for the angles of 
a triangle 


In both cases 


whence 
| 4 sin sin 2 52(sinf +sinZ)—1. 
Therefore ; 
|44sin Sin sin 2 asin $ (sin +sin? 41st S, (2) 


Since sin B/2 sin y/2, for « constant, reaches its maximum 
when f/2 = y/2 = (+—a)/4, we have 
_ 8B. ¥ ,,a%-e  1—sina/2 
sin — sin —— <sin?-——- = ——____-—_, 
2 2 4 2 


By the last inequality, from (2) follows 
B. sy 


cos a-}cos B+cos 7= 144-sin > sin 2 sin a 


y B 
> 2(sin 5 sia Z + sin 3 sin 5 =a Si 5 sin 5). 
Therefore inequality (1) holds. 
V. Thébault-L. Bankoff, Problem E 1272, Amer. Math. Month- 
ly 67 (1960), 693-694. 


2.57 cos 8/2 cos y/2 ie cos vi2 cos a/2 a cos ee cos £/2 > * 
sin a/2 sin p/2 sin y/2 2 
C. Ionescu-Tiu, Gaz. Mat. B 14 (1963), 225. 
258 Se sina/2 sin B/2  _Ssiny/2 > 2/3. (1) 


sin B/2cos}/2 ' siny/2cosai2 ” sine/2cosp/27 
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- Proor. By the arithmetic-geometzic mean inequality, we have 


5 = 3( con cos £ cos”) 2 
2 (cos $ cos 5 cos) : (2) 


Since (see: 2.28) 


cos = cos £ cos £ < 3V3, 
from (2) we get (1). 
D. Nicolae, Gaz. Mat. B 14 (1963), 561. 


ee SE ys 

sin « sin 8 sin y 

Equality holds if and orly if the triangle is equilateral. 

H. W. Guggenheimer, Plane Geometry and its Groups, San 
Francisco, Cambridge, Lomdon, Amsterdam 1967, p. 189. 


: ese ee B Ves ie IE ee 
60 2{ cos— + sin — ] < cos — + cos— + sin — + sin —. 
3 v3 4 ) 4 ra cee aoa 
PRooF. 
/2{ cos— + sin — 
4 4 
= »/2{ cos ia + sin cat tat dl 
4 4 
Liny men 
reg let Byes 2. 
4 4 
Boy. Bay. y 8B, ¥. B 
= COs — cos — + sim — sin — +cos— cos — + sin — sin — 
Pc ane” ay GO ge an 
Be ggtcitepe ts ha nea, 
4 4 4 4 


C. Ionescu-Tiu,. Gaz. Mat. B 12 (1961), 304. 
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2.61 Ifa, B, y are angles of a trizngle measured in radians, then 
a cos P-+-sin = cos y > 0. 
L. E. Bush, Amer. Math. Mox-hly 64 (1957), 24. 
2.62 2(cotga+cotg f-+cotg y) > cosec a+cosec B-+-cosec y. 


C. Cosnita and F. Turtoiu, Cr’egere de probleme de algebra, 
Bucuresti 1965, p. 176. 


2.63 ‘tg figyttigy tg«+tgatg3 >3+secatsec B+secy. 


C. Cosnita and F. Turtoiu, Cu=gere de probleme de algebra, 
Bucuresti 1965, p. ‘¥76. 


Vtg 6/2 te y/2 VED {tg o/2 tg 8/2 
cos a/2 cos p/z cos y/2 


Ju. A. Izosimov, Matematika v Skole 1958, No. 5, 95. 


2.64 <2. 


2.65 If is a natural number, shen 
cotg” «-f-cotg” P+cotg® y > 3-3-nl2, 


epee Analg and only if th: triangle is equilateral. 
itikos, Actes du Cons-és interbalkanique de mathé 


M. N. 
maticiens, Athéries 1934, 157-158. 


3. Fasdudlittes for the angles and other elements of 2 
_ triangle 


3.1 Ifa<4(6+c), then a < 4(7+y). 


ProoF. By virtue of the sine lew, the inequality a < 4(6+c) 
gives 
5 es zie 
sina < 4(sin B-+sin y) = sin” cos f ” <sin a Be. 


Since « and 4(f-+;7) are acute azgles, we infer that 
a < 4(f—y). 
G,. Pdélva-A. Hess, Elem. Math. 23 (1958), 38. 
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3.2 aa+bitcy > t(by+ca-ap+cBh+ay+ba). (1) 
qRooF. Let a>b>c, Thene > P>y. Multiplying « > # by 
a—>0,a>y by a—c > Oand £ > y by b—c > O, one obtains 
aa+bB > af+ba, aatcy > Pts bB-+cy > byte. - 
4dding these inequalities, we have 
2(an-+ bey) > by-teatap-+op-+ay-+be, 
ie. (1). 
m aa+ op n 
33 >< we <>. | 
Equality holds if and only if a=b=c. 
Froor. Leta2>boc. Then a> 8 2 y and consequently 
(a—b)(«—f) > 0, (6—c)(B—y) 20, cas) 20. (1) 


Adding these inequalities, we obtain 


; (a—5)(a—B) + (6—c)(B—y) + (c—a)(y—2) > 0, 
ie. 
2(aa+ bp +-cy) S (b+c)a+(cta)P+(atdyy. 
Adding aa+bf-+-cy to both sides of the last inequality, we get 
. S(aa-+ bp ey) > (a+b+c)(2+f+y). 2) 
Snce a+f+-y = 2, from (2) follows 
aa < aan bB+cy 
3 atbte 
wit. equality only if a = 6 =, because equality in (1) holds 
onir in this case. ; 
Snce a, b, ¢ are the sides of a triangle, we have 


2 


a+b+e> 2a, atb+-c> 2b, a+b+e > 2c. 


Multiplying these inequalities by «, £8, y respectively and 
addng together the inequalities thus obtained, we get 


(a+b-cl(x-Bty) > 2(ax— 58+ cx, 


TGS Ar DOPE ys aS IAep MEO EENTD MeN ERAEr 
is © SARA GS PEN ETTORE: cya 


De AGT A ranee MCE RRURIR RUT ASNT 
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t 


whence 
aatbB —cy x 
a+b—+-e 2° 


; REMARK. This proof follows the idea of J. Kirschak given in: 
G. Pélya and G. Szeg6, Aufgaben und Lehrsitze aus der Ana- 
lysis, vol. II, Berlin 1925, p. 166 and 393. 


34 Ife<BP<y, then 
2 aa-+bp-cy eee 


a 
7 3 * atbte ~ 2 


% aa-+ bB cy A x FY 
go Ee ee ie ee. 
atbye | <2 (: ey 8, 


, 


o| 


Proor. 1°. Since a< Py and (a—b—c)a ~ (a—b—c)e = 

2aa, we have 
(a—b—c)B + {a+b—ciz 2B 2aa, 
Le., 
2aa+bp-tey < (a+c)B ~ (a-+b)y. 

Adding 58--cy to both sides of the lest inequality, we get 
2(ax-bB+cy) < (a+b—c)(B+y) 
whence — 

ax+bB—cy i or a 
athte ~ 2° 


: “2°. If a<b<c, then 


aa bB--cy < c{a+B--2) _ on 
atb—+c atbte a 2s ~ 
Since 
get fe ge ll Be ee), 
2 s(s—a) 2 5 s—b) 


we obtain 


BY ing Buck a s—c\ om 
a Ga ee ee a cae 


_— 
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Therefore 
an+-bB-tey Ze pstg ee : 
atbte 2 2° 2 


This proof is due to G. Kalajdzic¢. 
D. Markovié, Bull. Soc. Math. Phys. Serbie4, No. 3~4 (1952), 71. 
(by—cB)® + (ca~ay)® + (@f—bn)t at 
(a+b+-c)2 4° 
This result is the best possible. 


3.5 


D. Blanuga, Problem 175, Glasnik matem:ti¢ko-fiziéki i astro- 
nomski (2) 8 (1953), 160. 

Remark. A proof of this inequality, due to T. Leko, is very 
complicated and it would be desirable to hzve a simpler proof. 


20¢ COs & 2bc 
—~—~— < b+e— —_—. 
3.6 pee < b+c—a = a (1) 


Proor. Let a < max(b,c). Since max(t,c) < a+min(b, ce), 
we have 
b+-c—a = min(6,c) + max(b,c) —a <min{b.3 + min(},c)+a—a 


29 inthe 2min(b, c) max(d, c) _ be 
a a 
Let a> max(b,c). Then a <2max(b,z) must hold, for 
otherwise a > b-+-c. Further, we have 
b+c—a =min(d, c) + max(B,c) -a<mn(b,c)+a—a 
b, c) min(b,c : 
Se 2max(b, c) min(s, c - Bbc (2) 
a a 
Therefore we have proved the second ineczality in (1). 
Since 
2be 
(6+-c)(6+-e—a} — 2bc cos x = (= _ (+e~a)), 


using inequality (2), we obtain the first inequzlity in (1). 
J. A. Kalman, Math. Gaz. 47 (1963), 224-225. 
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3.7 I ze I oe 1 : 2 in si B Laie 
° b+c ca 2). se Rana ie 


"Equality occurs if and anly if the on is equilateral. 
Gaz. Mat. B 8 (1957), 47. 


IZ (att b+e2\(a+b 
3.8 cotg e+cotgp+cotg 7>—— - @pepayasoee ' 
) abe 
with equality holding if amd only if te triangle is equilateral. 
T. R. Curry, Problem E 1861, Ame. Math. Monthly 73 (1966), 
199, 


3.9 Ifa<cd<e, then 


» a 4 b , ¢ 
gs b-+c ca G ato ’ 
where 
2 ov 2 fd 
¢= So cqs 6 ee eet, 
° 1+tg 8/2 tey/2 oe 2" i+tge/2 tg B/2 a 2 


Equality occurs if and only if a=-}=c. 


ProoF. Since a<xd<c and 


pe Oe nl Cet ee ae 
2 s{s—a) 2 s(s—6) 
s—a)}(s—b) \W2 
| of — (feed) 
2 s(s—o 
we have 
- 2 _ 2s athe a Be a SON 
~ [tgpj2teyj/2 2s—a bite bte' c+a a+b’ 
2 25 a-b— a b c 
G= = ee aa eee . 
I+tge/2te3/2 2s—e a+? bt+ec eta a+b 


This proof is due to G. Kalajdzic. 
D. Markovi¢, Bull. Soc. 3fath. Phys. Serbie4, No. 3-4 (1952!, 71. 
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3.10 Ik = ct/(at+5*), then 


O<k< 241 sintZ for i< 0, 
24 sint = <k <I for 0<#<1, 


min ( 1, 2-1 sint 2) <k<max (2-10, 2t-1 sint z) 
for |< #<2, 


min (2, 2-1 sint z) <k< max (1 , 2-1 sint z) for £> 2. 


Remarc These inequalities are due te R. Ballieun, Simon 
Stevin 26 (1949), 129-134. The upper bound for the case f > 2 
and ¢ a pcstive integer is determined in: F. van der Blij, Simon 
Stevin 25 (1947), 231-2235. 


B11 Ifi=7/R, then - 
—1+4k—2? < cos fi cosy+cosycosatcos acosf < k+-k? 
—1+3%—-$2? < cos «cos f cos 7 < $R?. So ee 


Equality occurs if and only if the triangle is equilateral. 
W. J. Eundon, Problem E 1925, Amer. Math. Monthly 
73 (1966), 1016. Lud 


3.12 If foatrianglea > B > y, then 
aR cse< R-~d < 2ReosP <R+d < 2Reosy, 


where d is Ge distance from the circumcentre to the incentre. 
O. Bottema, Euclides 39 (1963/64), 129-137. 

2,/3F 
R 

Equality tolds if and only if the triangle is equilateral. 


3.13. asinz+bsin Btesny> 


ProoF. Snce, 
sinz = a}(2R), sin 8 = 6/(2R), sinz = ¢/(2R), 


THE ANGLES AND OTHER ELEMENTS OF A TRIANGLE 41 
we iave 
arto 2/3F 
2R RR” 
Weizenbick’s inequality 4.4 was used here. 
3.14 9W<asine+bsinf+csiny < 8k, 
witk equality holding if and only if the triangle is equilateral. 


asine+dsin B+esin » = 


ProoF. Starting from 


; ae 2aF hake 
sacemcuni | Caan amet 


csinz, we get 


and similarly for bsin# and 


hohe = hdta oh hghp ; 
he hy , he 
By means of the arithmetic-geometric mean inequality and 
6.16, we obtain ' 
hohe , lita , hake 


asin a+6sin Bc sin y = 


_ —— S 3th hohte > Or, 

ha he + he tahblle 

with <cualiry if and only if ha = hy = he, i.e. if and only if 
the tcangle is equilateral. 


Thezfore 

_@sine-+bsin +e sin y > 9. 
Using the sine law, we obtain 
a2+524¢7 


= (1 


= asina+bsin Ptesiny = 
Sincs (see: 5.13) 
a2+52+¢2 < 9R2, 
from (= we obtain 
asna—bsin B+csiny < $k. 
This result is due to R. R. Janié. 
r 
R 


Eque=ty holds if and only if the triangle is equilateral. 
W. J. Blundon, Canad. Math. Bull. 8 (1965), 6:5--626. 


3.15 sne-+sin B—siny <2+(3V3—4) -— < 3,3. 
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4. Inequalities for the sides and the area of a triangle 
4.1 4F < min(b?+c?, c2+a?, a2+-52). 
Proor. Let a>b>c. From 


b2+-2 > Zhe and 2bc > :2kc sin a, 
follows 
b?+-c2 > 2bc sin a = 4F, 


This concludes the proof. 

4.2 s*>3FV3. 
Equality holds if and only if the triangle is equiiteral. 
Proor. Since 


(sa) (s—H(s—qna< SITE NG _ 


3 3° 
i.e. 
ss 
— — &) (5s -— <—, 
(s—a)(s Ms c) a 
we obtain 


32 iis 3a 


F = [s{s—a)(s—8)(s—cj]?? < 
oN 
H. Hadwives Joer. Deutsch. Math.- Vert 49° 1939}, 35-39 


kursiv. 
L. A. Santalé, Math. Notae 3 (1943), 65-73. 


4.3 s?>3FV3+10 
J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (153), 1-7. 
44 ati btte? > 4FV3, 
Equality occurs if and only if the triangle is equiateral. 
Proor. By cosine law, 
a®—5? +2 = 2(b2?+ c2} —2be cos =. 


Since 
F = ibe sin x, 


= 


THE SIDES AND THE AREA OF A TRIAiGLE 43 


one obtains 


* gt 62-12 4/3 = 2(62-+c2) —2be cos a—BeV'3 sin a 
1 3 
s= 2(5+-c?) —4bc (5 cos x — = sin 9) 


4 


== 2(b?-+-c2) — 4c cos (<- ) 
' 2 2(b?+c?) —4be 
“= Ab—c)?. 


Equality holds if and only if b =c and «a =2/3, ie. if and 
daly if the triangle is equilateral. 

R. Weitzenbéck, Math. Z. 5 (1919), 137-146. 

P. Finsler and H. Hadwiger, Comment. Mati. Helv. 10 (1937/ 
38}, 316-326. 

L. A. Santalé, Math. Notae 3 (1943), 65-73. 

F. Goldner, Problem 69, Elem. Math. 4 (194=, 120. 

R.A., Elementa: matematik, fysik, kemi (Ursala} 49 (1966), 
250. 


45 be-+ca-ab > 4FY3. s > (I) 
Proor. Since 
. (sina) 14 (sin f)-14 (Sin)! > 30 (sin a sh 3 sin py)? 

and (see: 2.7) . 
; 3V3 


sine sin Bsiny < ria 


we have 


(sin a)~1-+- (sin 3)-1+- (sin y}~? > 2s = 
Using the last inequality and 
bc-+-ca--ab = 2F i (sin «)-}-+ (sin B)-1+ sr y)-45, 


we get (I). 
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REMARK. From (1) and 
(be-ea-+ab)?< 322+ c2a?+ ab?) <(a2-+52+-02)2<3(a5+54+c4) 


one obtains the inequalities: 4.12, 4.4, 4.10. 
Vv. O. Gordon, Natematika v Skole, 1966, No. I, 89. 


4.6 be+ca+ab > AF /3+-40. 

J. C. H. Gerret#n, Nieuw Tijdschr. Wisk. 41 (1953), 1-7. 
4.7 4FV34Q <s24b8 tc? < 4F 3439. 

Equality holds = and only if the triangle is equilateral. 

H. Hadwiger, Jser. Deutsch. Math.-Verein. 49 (1939), 35-39 
kursiv. — 

REMARK. The st inequality was also proved in: 

P. Finsler and = Hadwiger, Comment. Math. Helv. 10 (1937/ 
38), 316-326. 

J. Karamata, Froblem 119, Glasnik Mat.-Fiz. Astronom. 3 
(1948), 223. 

O. Kooi, Simon Stevin 32 (1958), 97-101. 

J. Steinig, Eler Math. 18 (1963), 127-131. 

S. Zetel’, Matececiza v Ekole, 1965, No. 3, 66-69. 


4.8 4FJ/3+0 < 21402 


ee Ce es 
<4F — + sec— + sec——v3]+d. 
(sec 3 sec 5 = v3) Q 


Equality occurs if and only if the triangle is equilateral. 

S. T: Berkolaikc, Matematika v Skole, 1957, No. Z, 72-74. 
4.9 12FV¥3420 <(a+b+c)? < 12Fy3+80. 

Equality holds = and only if ‘the triangle is equilateral. 

H. Hadwiger, Joer. Deutsch. Math.-Verein. 49 (1939), 35-39 
kursiv. 

REMARK. The icst inequality was also proved in: 

P. Finsler and E. Hadwiger, Comment. Math. Helv. 10 (1937/ 
38), 316-326. 


THE SIDES AND THE AREA OF A TRIANGLE 45 
4.10 a4—b4tct> 16F?, 


Equality holds if and only ifa=6=c._ 
F. Goldzer, Problem 69, Elem. Math. 4 (1949), 120. 


All att4tet> 16F24+4F9/3+492 (1) 
Equality holds if and only ifa=b = c. 


Proor. 3y squaring the Finsler-Hadwiger’s inequality 4.7, 
came obtains 
a4-tb4+ 44 2(b%24 c2a2-1 a2b2) > 48F24 8FQV34Q2. 
Since , 
2(b?c?+-c7a?+4a2b2) = 16F2--at+ 54-+-c4, 
then 
2(a4+b4+-ct) + 16F2 > 48F2+8FQV3+(2, 

Be. (1). 

Matemarsa i fizika, Sofia, 6 (1965), 51-52. 

B12 B%2—c2a2+a2b2 > 16F2. (1) 
Equality Solds if and only if the triangle is equilateral. 
ProoF. On the basis of Heron’s formula we have 

ZAb*c2-+ c2a2-4-a2b2) — (a4+4 64+ c4) = 16F 2, 
Since : 
. (b2@—c?)2 +. (c2—a2)? + (a2—b22 > 0, 
wLe., 
b2c2+-c2g2+4 @2h2 < ai+t-bitc4, 

wwe get (1). 

F. Goldnzr, Problem 69, Elem. Math. 4 (1949), 120. 
9abe 


13 4F\G< ; 
4.13 N Popes 


Equality occurs if and only if a=b =e. 
T. R. Curr, Problem E 1861, Amer. Math. Monthly 73 (1966), 
199, 
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4.14 (abc)? > (=). | 1) 


Equality holds if and only ifa=b=c. 
Proor. From abe = 4RF and from a+és+e< 3RV3 (ee: 
5.3), we have 
4F abc abe 3abe 


v3 RYJ3 2s a+tbte 
whence inequality (1) follows. 
L. Carlitz-F. Leuenberger, Problem E 1454, Amer. Miah. 
Monthly 68 (1961), 177 and 68 (1961), 805-806. 
H. W. Guggenheimer, Problem E 1724, Amer. Math. Mondiy 
71 (1964), 911 and 72 (1965), 791-793. 


4.15 If x,y,z are real numbers, then 
Qaryt2 PEt y+zy2 : 
Beta 4) 


< (@bc)?/3, 


athe? + bicva? _ctavh? > 3- 


ProoF. By means of the arithmetic-geometric mean in- 
equality, we obtain 


atbuct +b%c¥at+ctavb? > 3(abc) 74+ M3 


. From this inequality, on the basis of 4.14, we get (I).. 
This inequality and proof are due to P. M. Vasié. 


4.16 If x,y,z are real numbers, then 


. Qr+yt2 Petts) 
b%cv(b--c)?-+-c7av(c-a)*§— atby(a+b)? > 3-2? 


BZeetyrca 
Proof. Since a+b > 2Vab, etc., we obtain 
btcv(b-+c)?+-c%a¥(c-+-a}?+-a7bv (a+b)? 
D> 22(btt eA heyte/2) etre?) qu t@i2) 4 gtte/by-e5 ) 
> 3-220 (abcjttyte. 


From this inequality, on the basis of 4.14, we get (1). 
This inequality and proof are due to R. Z. Diordjevic. 


THE SIDES AND THE AREA OF A TRIANGLE 47 
417 If x, 4,2 are real numbers, then 
,aX(a-+-b)¥(b-+-c)?4-b2(b-+c)¥(c+a)?+-c2 (ca) ¥(a-+b)2 


pits) tet yt+2y/2 


= 3.2% let wt ens 


‘This inequality is due to R. Z. Djordjevie. 
4.18 If a24824c2 = 2H and bc+ca+ab = K, then 


(K-F)GK-5H) _ ny _ (KEY 5 
12 oe ee ha 


Equality in (1) holds if and only if the triangle is equilateral. 
S. Beatty, Trans. Roy. Soc. Canada, IIE (3), 48 (1954), 1-5. 


4.19 If ¢ = (Q/2)¥, then 


s(s+9)"(S—29) _ pees s—q)*(s+-29) (1) 
271 aie 27 : 


The first (second) equality sign in (1) molds for a2 isosceles 
triangle whose base is the smallest (largest) of the three sides; 
of course both equality signs apply when the triangle is equi- 
lateral, since theng=0. se 

R. Frucht, Canad. J. Math. 9 (1957), 222-231. 


4.20 27(b2-+-c2—a2)2(c2-+-a2—b2)2(a2-+ 202)? < (4F i. 


Equality holds if and only ifa=b=c-. 
F. Balitrand, Interméd. Math. 23 (1916),, 86-87. 


4.21 If 2>0, then 


[3 / qastbatpa\ha 
F< x3 (- +b4+¢ ) 
4 3 
C. N. Mils-O. Duskel, Problem 3207, Amer. Math. Monthly 
34 (1927), 382-384. 
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5. Inequalities for the sides and the radii of a triangle 


5.1 2r<R. 


Equality halds if and only if the triangle is equilateral. 
Proor. This ed is obtained from 
O? = R(R—2r) > 0. 


L. Euleri, Novi commentarii academiae scientiarum Petropoli- 
tanae 11 (1765), 1767, 193-123. 

L. Euleri, Opera Ommia, [ 26, 1953, 139-157. 

Ramus-E. Rouché, Nouv. Ann. Math. 10 (1851), 35 


5.2 If ¢ and T are zeal numbers such ~o <t<T< ill 
then 
4s°R*_2ty 4s*R-l-2Tr 
Sa SS ee 
21—t 27—T 
PRooF. Corasider the ee f, defined by 
3°R-1_2x 
{(x) = a for x < 27. 
From inequality (see: 1.1 and 5.36) ieee 
{a+b+cF> ee Raid 2 SARr, 


we have 


From inequalities (se:: 5.8) 
4s? < 4Qr"_4Rr+4R?) and 2 <R, 
we obtain ; 
4:2 < 16R2+-22Rr. 


; 4s2R-1_54r : 
Since /'(x}) = 7 ar 2 0, we infer that f is 2 monotone 
non-decreasing functior. so that f(il)< R. 
I. Paasche-O. Reutt=. Problem 516, Elem. Math. 20 (1965), 
140 and 21 (£966), 139. 
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5.3 atbtc< 3RVz. 


’ + Equality holds if ard only ifa@=b=c, 
S. Nakajima, Téhoim Math. J. 25 (1925), 115-121. 
A. Padea, Period. Nat. (4) 5 (1925), 80-85. 
_, Remark. This inequality is equivalent to 2.1. 
5.4 s<2R4+3V3—4r. | 
Equality holds if ant only if the triangle is equilateral. 
W. J. Blundon, Cand. Math. Bull. 8 (1965), 615-626. 
1 W. J. Blundon, Prolem E 1935, Amer. Math. Monthly 73 
(1966), 1122. 


5.5 9r(4R+r) < 3s? (4R+1)2. (1) 
Proor. The roots a@ the equation 
48—2sy2—{52--r(4R+r})y—4sRr = 0 (2) 
are a, b,c 
: s(x—r) 


Taking y= ara equation (2) becomes 


x8— LR + 1)x?+s2x—s2r = 0, 


with roots fq, Tp, Te 
In view of Rolle’s theorem, both equations 


| Sy2—tsy-+s?-+7(4R+1) = 0 
and 
3x—2(4R+r)x+s? = 0 
have real roots, which :mplies 
3s? > Or(at-+r) and (4R+7)2 > 3s? 


This proves (1). 
G. Colembier-T. Doicet, Problem i051, Nouv. Ann. Math. 
31 (1872), 467. 


5.6 6r(4R+1) < 2s? <2(2R+r)2-+R2. 


Equalities hold if anconly if the triangle is equilateral. 
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ProoF. Since r= F/s and R = abe/(4F), we have 


F2 
1(4R-+4) = = + ae 4s2—O < }s?, 


and consequently 
‘Gr(4R+r} < 252. 
By the last inequality and the inequality a?+-b?+-«2 < 9R2 
(see: 5.13), we obtain 


a®+b24¢2 


R2  9R2 
2 eres, I tomes 
QR)? + >= t+ NSS 


+r(4R--7) = s?, 


i.e. 
2s? < 2(2R-tr)?+ R2. 


F. Leuenberger-L. Carlitz, Problem E 1481, Amer. Math. 
Monthly 68 (1961), 803 and 69 (1962), 312. 


5.7 2s2(2R—r) <R(4R+7)2. - 
Q. Kooi, Simon Stevim, 32 (1958), 97-101. | 

58 7(16R—Sr) <s?< 4R244Rr+ 372, 
Equalities hold if and only if the triangle is equilateral. -- 
PROOF, Consider the triangle HIO. Then 


OH? = 9R?2— ¥ a2, oe Q) 
I02 = R*—2rR, (2) 
IH? = 2r*—4R? cos «cos f cos y. (3) 


But 
4R? cos a cos 8 cosy = }(¥ a)?—(2R+7)2, 


and thus 
TH? = 37? +-4rR-+-4R2—3(¥ a), 


This establishes the inequality 
(Sia)? < 4(3r24-4rR4-4R%), 


with equality only in en equilateral triangle. 
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According to the theorem of Euler OG : GH = 1: 2, we hae 
GI? = 310?+-47H?+20H?. ay 
| By eabstitating (1), (2) and (3) in (4), we obtain 
. GI? = P—AATa)2+-2 Da’, 
which, in view of (Y a)? = 2 ¥ a?+-47r(4R-+1), is equivalent » 


36-GI2 = (¥ a)?42072—64rR, 
whence 
(Xa)? > 4r(16R—Sr). 


Equality only when the triangle is equilateral. 
J. Steinig, Elem. Math. 18 (1963), 127-131. 
REMARK. In view of R > 2r both inequalities strengthen 5%: 


5.9 Let g(R,r) and Q(R,r) be quadratic forms with red 
coefficients. Then the best possible inequalities ef the form 


(Rr) <s* < QR, 7), 
with equalities only for the equilateral triangle, occur when 


g(R,r) = 16Rr—5r2 
and 
_ OR, 1) = 4R?244Rr-37?. 


W. J. Blundon, Canad. Math. Bull. 8 (1965), 615-626. 


5.10 Let /(R,r) and F(R,r) be homogeneous real functior:. 
Then the strongest possible inequalities of the form 


HR <s? < F(R, 7), 
with equalities only for the triangle equilateral, occur when 


A(R, 7} = 2R?2=— 10Rr—~r2—2(R—2r) VR? —aRr, 
and 
F(R, r) = 2R2+10Rr—r?2-2(R —2r) JR? —2Rr. 


W. J. Blundon, Canad. Math. Buil. 8 (1965), 615-626. 
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5.11 s? > 2777. 


Equality holds if and only if tie triangle is equilateral. 
Proor. By the arithmetic-gemetric mean inequality, we 
obtain 


s_ (a4 6-H4 6-2 


e 3 > V(s—a) (s—b) (s—e). 


Since (s—a)(s—b)}(s—c) = F?}/:= rs, we have 


Le. 


N. A. Edwards, Problem 1272. Nouv. Ann. Math. 37 (1878), 


475." 
J. M. Child, Math. Gaz. 23 (129), 138-143. 


5.12 2s? > 27Rr. (1) 
PROOF. Since 
(a+b-+c}? > 27abc anc abc = 4RF = 4Rrs, 


we have’ EV See 
8s3 > 27-4Rrs, 
ie. (1). 
C. Cosnita and F. Turtoiu, Cusgere de probleme de algebra, 
Bucuresti 1965, p. 177. 
5.13 36r2 < a?+b2-+02 < 9R2. (1) 
Equalities hold if and only ifs =b=c. 


Proor. Since 


WV 


a2th2tc2\I2 gtbte 
3 
by virtue of 6rV3 <at+hte (se 5.11), one cbtains 


Lyd 6 32! 2 
S67? <z at 72 4-02, 


TAT TOMEE TEI he gp 2 Seite LAT 92) RUTTER REAR Ap at ee ARIE ERNE tI IRONS SRAMTIER te EY CNR HRD arte basi Sony PR ECE 


OM pe tel, 


‘ 
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The second inequality in (1) follows from 
‘OR?2— (22+ ¢2) = OH? > 0, 


J. Neuberg, Eel. Times, News Ser. 9 (1906), 51-52. 
T. Kubota, T@hoku Math. J. 25 (1925), 122-126. 
J. Steinig, Elem. Math. 18 (1963), 127-131. 


5.14 24Rr—1 22 < a? +8210? < BR2+-472, 


Equalities holed if and only if the triangle is equilateral. 
J. C. Gerretsem, Nieuw Tijdschr. Wisk. 41 (1953), 1-7. 
J. Steinig, Elem. Math. 18 (1963), 127-131. 


5.15 4R2+ 16Rr—3r2—4(R—2r) /R2—2Rr 
< a+ h2—¢2 
< 4R2+ 16Rr—3r2-+-4(R—2r) /R2—2Rr. 
W. J. Blundom, Canad. Math. Bull. 8 (1965), 615-626. 


5.16 9 36r? < bc-+ca+ab < 9R2. 


Equalities hold if and only ifa = 6 =c. 
Proor. Multiplying the inequalities (see: 7.12) 
ee ‘Or ‘I I OR 


. 
a <—+—-4-—<—, 
2F ae aoe 4F 


by F = abc/(4R), we get - 


18Rr < bc+ca-ah < 9R?2. 


By using R > 2r, inequalities (1) follow from (2). 
F. Levenberger, Elem. Math. 13 (1958), 121-126. 


5.17) 4r(5R—r} < bc~ca~ab < 4(R+7)2. 


Equalities hoid if and only if the triangle is equilateral. 
J. Steinig, Ehem. Math. :8 (1963), 127-131. 

5.18 36r2< 4r(SR—r) < fe+catab < 4(R+1)? < OR?. 
Equalities occur if-end only if the triangle is equilateral 
WJ. Blunde:n, Canad. Math. Bull. 3 (1965), 615-626, 


4 GEOMETRIC INEQUALITIES 
REMARK. From 5.16, 5.17, and R > 2r follows 5.18. 
5.19 2R2+4-14Rr—2(R—27)/R?—2Rr 
< be+ca+ab 
<2R2414Rr+2(R—2r)\/R2—2Rr. 


Equalities hold if and only if the triangle is equilateral. 
W. J. Blundon, Canad. Math. Bull 8 (1965), 615-626. 


5.20 a(s—a}+6(s—b)+c(s—c) < 9Rr. 
S. G. Guba, Matematika v Skole, 1966, No. 6, 67. 
521 abe < BR%-+-(12V3—16)Rr?. 


Equality holds if and only if the triangle is equilateral. 
W. J. Blundon, Canad. Math. Bull 8 (1965;, 615-626. 


5 * 
Ye ae re | 1 x3 


Fe < ST. 
R a + b c 2r 
F. Leuenberger, Elem. Math. 15 (2960), 77-79. 
33 3 . 
V3 < i a 1 ] = a3 ; 
aAR+r) ab °c @ 


Equalities occur if and orly if the criangle is equilateral. 
J. Steinig, Elem. Math. 18 (1963), 127-131. 


on 
nN 
bo 


5.23 


REMARK. This inequality improves 5.22. 
ue Sere: peer ze 
oe Rt Ste ca ab 42 


Proor. Since 


inequalities (1) are equivalent to 


1 1 1 
< say: 
Rr 2Rr Ay? 
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These inequalities are true because each of these can be 
reduced to R > 2r. 


F. Levenberger, Elem. Math. 13 (1958), 121-126. 
5.25 8r(R—2r) <Q < 8R(R—2r). 


Equalities hold if and only if the triangle is equilateral. 
J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (1953), 1-7. 


abc 


5.26 4r2t< ‘ 
at+d+e 


Equality occurs if and only if the triangle is equilateral. 
M. S. Klamkin, Math. Teacher 60 (1967), 323-328. 


5.27 abe < (RV3)3. (1) 
Equality holds if and only if a =6b=c. 
PROOF. Since 


abe < ote 


on the basis of 5.3, we conclude that inequality (1) holds. 
5.28 The inequality 
~~ Myla, b,c) < RV3- 
is valid for every triangle if and only if 
log 9—Jog 4 
~~ Jog 4—log 3° 


‘A. Makowski-J. Berkes, Elem. Math. 17 (1962), 40-41 and 
18, (1963), 31-32. 
5.29 (atb+e)/3 <2ratrotre). 

Equality occurs if and only ifa@ =& =. 

J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (1953), 1-7. 
* F. Leuenberger, Elem. Math. 16 (1961), 127-129. 
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az p2 c2 

+ 
roe ‘dla Yarb 

Equality holds if and only if the triansle is equilateral. 

This inequality is due to R. R. Janic. 


5.30 = 4. 


5.31 (s—a)V/3 <4R—rq. 

E, Lemoine, Problem 578, J. Math. Elem. (4) 3 (1894), 263. 
a2-t.(b—c)2 
2F 
Equality holds if and only ifa=6=c. 


PROOF. From 


5.32 (al 3+ ) < 4R—rg. (1) 


7s rs rs 
4R+r= ratretre, Le ad » =F, e= > 
S—a s—b s—e 
we get 
4R—rqg = rotre—r?T - 
YS -+- I ] 
s—-h  s—c $s 
s®— be aor 
= (6-4 > 
a2 4-b2-42+2(—be-+ca+ab) 
== (s—a) ———________—-. 


4F 
On the basis of inequality 4.7, we have 
4F /342(a?+52+4 c?—2bc 
4R—r,> (s—a) a_—eereee 

ie. (1). : 

Equality holds if and only if a= 6 =c, for in 4.7 we have 
equality only in that case. 

R. R. Jani¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 181-No. 196 (2967), 75-7. 
5.33 5R—r>sJ/3. (1) 


Equalities bold if and only: if the triecgle is equilateral. 
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Proor. Starting from 


4R4+r=ratrtte %a= - 


and from R > 2r, we get 


5R—r > ratrotre 
ee l i 2 as ] 
oe sS—a s—} =) 


s @ — 
rT c-+ca+ ab—s?) 


= — gr (2lbe+ea—ab) — (a? +624-c?)]. 


On the basis of 4.7, we have (1). 

Equality holds only for a = b = :, because only in this case 
R = 2r and equality im 4.7 holds. 

R. R. Jani¢, Univ. Beograd. Pril. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 181-No. 196 (1967), 72-76. 


5.34 s2 < Ya +p +r a. (1) 
Equality occurs if and only if the ean is eae 
Proor. Since, by 2.35, 


a B Y 
= tg? — + tg? +w2t+> 1, 
and 
a 
ra =StE> ro=stg=, rea sigs, 


we obtain (1). 
E. Bokov, Matematika v Skole, :956, No. 4, 95 and 1957, 
No. 1, 93. 


5.35  Brarete < 3abeV3. 


Equality holds if and only if the tangle is equilateral. 
F. Leuenberger, Elern. Math. 16 (2761), 127-129. 
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5.36 i4Rr < 3(be-+-ca+-ab) < A{rore+rera+rarr)- 


Pro. The first of these inequalities was already proved in 
5.16. Snce 


A(rore—cta trary) = (a+-b+c)? and 3(be+-ca+-ab) < (a+b+c)?2, 


we coniude that the second inequality also holds. 
F. Lzienberger-J. Steinig, Elem. Math. 20 (1965), 89-90. 


5.37 Z2rerore—14r*(ratret+re) < Or (ra tre t+re)?+9r3 
holds ix acute triangles. 

Equity holds if and only if the triangle is equilateral. 

S. Raich, Problem E 1930, Amer. Math. Monthly 73 (1966), 
1017-1218. 


5.38 ik < max (rq, rb, 7e)- 
P. Edés, Mat. Lapok 1 (1949), 72. 
5.39 If re<rp<re, then 
ra <4R, ry <2R, IR <4R. 


H. 3. Baron, Téhoku Math. J. 48 (1941), 185-192. 
aii greg ne) eee | 


L. Fejes Téth, Mat. Lapok 1 (1949), 72. 
5.41 or < ratrotre SER. 
M. & Klamkin, Math. Teacher 60 (1967), 323-328. 


5.42 Tf G(x, y, 2) denotes the geometric mean of x, y, z, then 


R / RR 
a(r y, 5) < itr ee ri<6(n 5.5). 


Equalities hold if aud only if the triangle is equilateral. 
A. Aakowski, Nieuw Arch. Wisk. (3) 12 (1964), 5-7. 
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543 2ER? <rq?+rp?+722. 

‘Equality holds if and only if the triangle is equilateral. 

V. Thébault, Mat. Lapok, 3 (1952), 59-61. 

+A. Makowski, Nieuw Arch. Wisk. (3) 12 (1964), 5-7. 
544 §R<Milraro,7e) (R22). 

G. Hajés, Math. Lapok 1 (1950:, 313. 

L. Fejes Téth, Lagerungen in der Ebene, auf der Kugel und 
in Raum, Berlin 1953, p. 27. 


REMARK. This inequality is a generalization of inequality 5.40. 
545 7R2 <r? +g? +rp2+r,2. . (1) 

Proor. Since 

rtre?tyyetre? = 1ER?—(a2?@—b2+-c%}, 
aid on the basis of 5.13, we have (1). 
* Ju. I. Gerasimov, Matematika v Skale, 1367, No. 3, 84. 
. Comment by R. R. Janié. The following stronger inequality 
buds 
8R?2—472 < 2+ g2 + 7,2—1-2, (2) 


because (see: 5. 14) a2t bc? < ER2+ 472. 
- Inequality (2) is stronger than the inequalities 5.40 and 5.43. 


3 9p3 3 b 
Sages eae Mcae eee (1) 
Ta rp Ye 


Equality holds if and only ifa = b= c. 
J. Andersson, Problem 1779, Amer. Math. Monthly 59 (1952), 
41. 


Remark. This inequality is equivalent zo 1.9. 
b c 3q/s 
547 (Pit eae Ee ! 
(aye Vs <=) N 
Proor. Since ra yee etc., inequabiy (1) is equivalent to 


Va(s—a)+ + ‘b(s—b) —- ve(s—c} < gs. 
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By the arithmetic-geometric meam inequality, we get 
Va(s—a) + Vb(s—b) + Ve(s—c) 


ats—a b+ts—b c+s—c 
eG age 


Gaz. Mat. B 15 (1964), 256. 


6. Inequalities for the sides, the altitudes and the radii of 
a triangle 
6.1 2(hathothe) < V3(a-+b-+0). 
Equality holds if and only if the triangle is eqrlateral. 
ProoF. First we have 


3ab 
(a+b+-¢)?>3(be-+ca+ab) = = (hathythe) =tR(hathy+h,}, 


with equality only in the case of an equilateral ciangle. 

Since (see: 5.3) 3RV¥3 > a+b+e, with equaizy if and only 
if the triangle is equilateral, we obtain 

V3(a+-b+0)? > 2a+-b-+-6)(ha-thyt ix), 
so that 
V3(a-b+0) > bathe the), 

with equality only in the case of an equilateral tiangle. 

A. Santalé, Math. Notae 3 (1943}, 65-73. 

F. Leuenberger-L. Carlitz, Problem E 1427, Amer. Math. 
Monthly 67 (1960), 692 and 68 (196.1), 296-297. 


6.2 hath the < Vs(/s—a+ Vs—b + Vs—o} < sV/3. 


Equalities occur if and only if the triangle is equilateral. . 
L. Santalé, Math. Notae 3 (1943), 65-73. 


3 
6.3 AMo(ha, hy, he) < > Mo(a, b,c) and 


A_a(ha, ho, he) & 


THE SIDES, THE ALTITUDES AND THE RADII OF 4 TRIANGLE él 
Equality holds if and only ifa =b= ce. 
. PRooF. By means of the obvioms inequaity 
ha? he? he? < mig? + mp? ne 
and by 


ma? +-my+ me* == F(a? 522?) 


one gets the first inequality. 
The first and the second inequality are, iowever, equivalent 
(See: 6.6). 


L. A. Santalé, Math. Notae 3 (2943), 65-73. 
_ J. Berkes, Elem. Math. 18 (19633), 31-32. 


6.4 3(bc+catabd) > 4holtet+ helt thal). 
Equality holds if and only if thee triangle = equilateral. 
Math. Notae 3 (1943), 182. 


6.5 a®fBLc3 > 8(h.3+h8+h.9). 


Gaz. Mat. B9 (1958), 731. 


: BRB 
3 : 
6.6 Mella, he, he) < oe M,(a, B, ¢) 


3 
<> SM _u(lia, how he} <i, b,c). 


These inequalities hold for every numbz & if and only if 
P<af3 and a<pey. 

A. Makowski, Elem. Math. 17 (1962), 40-2. 

J. Steinig, Elem. Math. 20 (1965), 64-65. 


a, a. 
typ? Lh? he—h, + hg? hy? fies 


V. O. Gordon, Matematika v Ekole, 1967.No. 3, 84. 
6.8 hq-thy-bhe> 9. (1) 


. Equality heids if ane only if the tangle = <quilateral. 


60 GEOMETRIC INEQUALITIES 
By the arithmetic-geometric mean inequality, we get 
Va(s—a) + Vb(s—b) + Ve(s—c) 


ats—a  bts—b  c+ts—e 
Sgr gg 


Gaz. Mat. B 15 (1964), 256. 


6. Inequalities for the sides, the altitudes and the radii of 
a triangle 
6.1 2(tathethe) < V3(a-+b+¢). 
Equality holds if and only if the triangle is eqrlateral. 
ProoF. First we have 


3ab 
(a--b-+-c)?>3(be-+ca-+ab) = ine (hathy-th) = tR(ha-t hehe), 


with equality only in the case of an equilateral tiangle. 
Since (see: 5.3) 3RV3 >a+bte, with equai-y if and only 
if the triangle is equilateral, we obtain 


V3(a+b+6)2 > 2(a-+b-+-0)(ha-thytix), ae 
so that 
V3(a+b-+0) > Aha thoth), 

with equality only in the case of an equilateral ciangle. 

A. Santalé, Math. Notae 3 (1943}, 65-73. 

F, Leuenberger-L. Carlitz, Problem E1427, Amer. Math. 
Monthly 67 (1960), 692 and 68 (1961), 296-297. 
62 hathyth, <Vs(/s—a+ Vs—b+ Vs—e)< sV3. 


Equalities occur if and only if the triangle is sjuilateral_ . 
L. Santal6, Math. Notae 3 (1943), 65-73. 


‘3 
6.3 AMo(ha, ha, he) < > MMfe(a, 6, ce) and 


, 3 
AM~2(Ra, hy, he) < Be Af_9(a, 5, c). 
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Equality holds if and only ifa =b=ce. 
_ Proor. By means of the obvioms inequaity 
ha? he? the? < mig?+ mo? ne 
and by 


me? +my-+- me == F(a?+ 522?) 


one gets the first inequality. 
The first and the second inequality are, iowever, equivalent 
(see: 6.6). 
L.A. Santalé, Math. Notae 3 (2943), 65-73. 
_ J. Berkes, Elem. Math. 18 (196:3), 31-32. 


6.4 3(bc-+ca+ab) > 4hohe-thetethaht). 


Equality holds if and only if thee triangle = equilateral. 
Math. Notae 3 (1943), 182. 


6.5 a84B8Lc8 > 8(he3-thy?+ he). 


Gaz. Mat. B9 (1958), 731. 


: 3 
6.6 Muha he, he) < = My(a, B, ¢) 
V3 
<> Sf_-4 (ha, hb» he) ris -z(a, b,c). 


These inequalities hold for every numbs & if and only if 
P<afzand e«<pey. 

A. Makowski, Elem. Math. 17 (1962), 40-2. 

J. Steinig, Elem. Math. 20 (1965), 64-45. 


a’ i b= c a 
hy?+he® he? ha* * fg? hy? a 


V. O. Gordon, Matermatika v Ekole, 1947. No. 3, 84. 
6.8 g-Lhythe> 9. (1) 


. Equality heids if and only if the wiangle & =quilateral. 
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Proor. By 
1 I 1 1 
3 te he eg 
and by 
hathothe 3 


3 ~ Vha+ 1fhy + phe’ 


we conclude fiat (1) is true. 

From the proof we deduce that equality in (1) holds if and 
only if ha = 4 = he, i.e. if and only if the triangle is equilateral. 
_ §. I. Zetel’, Zadadi na maksimum i minimum, Moskva 1948, 
p. 64. 


6.9 Ifa<b<ec, then 


3b(a?+-ac-+-c?) 


hathothe < 4Rs 


Equality hdds if and only if the triangle is equilateral. 
%. Zivanovit, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Matt. Fiz. No. 181-No. 195 (1967), 69-72. 


6.10 Sr <3(tghohe)*? <hat+hothe 


| <3r(sin? a+ sin? B-+sin? y)/? < SR. 
“ 
J. Berkes, Hem. Math. 14 (1959), 62-64. 7 


6.11 hatho—le< 3(R+r). 


Equality hods if and only if the triangle is equilateral. 
WL. Carlitz, Problem E 1616, Amer. Math. Monthly 70 (1963), 


758. 
¥. Leuenbezer, Elem. Math. 19 (1964), 132-133. 


6.12 hathy—he < 2R+5r. 


. Leuenbexer, Elem. Math. 19 (1964), 132-133. 
. Bankofi-D. Woods, Math. Mag. 38 (1965), 246 and 3¢ 
(1966), 130. 
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2r5R— a(R-+r)2 
hie LOE oy ge Ba 


R R 
Equalixes occur if and only if the triangle is equilateral. 
J. Steirg, Elem. Math. 18 (1963), 127-131. 
6.14 he—hy+h, < wat wot+ie < 3(R+r) <ratrotre. 


L. CarE-z, Problem E 1616, Amer. Math. Monthly 70 (1963), 
758 and 71 (1964), 558-559. 

F. Leunberger, Elem. Math. 18 (1963), 35-36. 
_ F. Leuenberger, Elem. Math. 19 (1964), 132~133. 


6.15 2Uhahe--hoha-+thahr) < 6F V3 < 27Rr. (1) 


Proor. Since 


F = 4Rr cos — cos is cos a. 
20 2 2 
from 
a B y 
= 16R2 — — —, 
abc ] r COS 5 cos 5 cos 5 
on the bets of 2.28, we get 
abe < 6R%/3, ie, 2F <3RrV3. (2) 


_ This preves the second inequality in (1). 
If the equality Aahyk, = 2F*/R is multiplied by I/ha, 1jho, 
1 fhe, respzctively, and if the given values are added, we obtain 
a 2F2 
hohtetheltathghy = —. 
Rr 
By virme of the last equality and of inequality (2), we con- 
clude tha: the first inequality in (1} is true. 
F. Leuecberger and J. Steinig, Elem. Math. 20 (1965), 89-90. 


6.16 haksite > 2773. 


; 1 | | 1 1 1 1 
Proor. Since —— + —— + —~ = —, the product ——- —- —— 
mo no an ha ty le 
‘ F cee atl 1 1 1 F ‘ 
has the <aximum value if —- = —- = —~ == —-, whence it 
' ta Ap Ke 3r 
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follows that the product Aghpt, attains the minimum value 27r3 
if he = hy = Ite. 

Therefore Aghph. > 27r3. 

S. I. Zetel’, Zadati na maksimum i mintmum, Mosva 1948, 
p. 100. , 


6.17 Vha+Vho+ Vie < $VER. 


Equality holds if and only if the triangle ‘is equilateal. 
E. A. Bokov, Matematika v Skole, 1967, INo. 1, 83. 


6.18 holtcthehtathahe < rere +-TTatraro- (1) 


Proor. From 


Me Ua le ee es te 
we get 
; hghth 
hohe t+hchat hah = aes (rere erator). (2) 
Tattle 


Since (see: 6.27) 
kahvhe < rat tte, 


from (2) follows (1). 
A. Makowski, Problem E1675, Amer. Math. Mahly’ 71 
(1964), 317 and 72 (1965), 187-188. 


619 If -1<1<0, then 
hat thot thd > rat+ritré. (1) 


lii>O or i< —1, then 


halt hei he < rat+re'+re. (2) 
PRoor. Since ta =——, fa = aa etc., Inequality (1 
ROOF. Since 4a =——, fa = pape et inequality (1) 


is equivalent to 
at4b-tte*> (6+-c—a) t+ (c+a—b)-t+ (a+ b—s-t = (3) 


for —1 <t¢<0. 
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Since the function /(x) = —x-t, for x > O an¢é -1<4<0, 
is convex, Jensen’s inequality can be applied, viz. 


zit 
fea) +e >1( 3) mn 


for %, and x2 > 0. 
For x; = c+a—b, x2 = a+b—c, imequality (4) becomes 
(c+a—b)-*+ (a+b—c}-* < 2a-?. (5) 
Permuting a, b,c in (5) cyclically and adding tie inequalities 
obtained we get inequality (3), i-e., €1). 
Inequality (2) is equivalent to _ : 
a-t+-b-t-e-t < (b+c—a)-*4- (c+ a—b)+*-++ (a—4—0)-¢, 
for é>0 or ?< —1. 
The proof of this inequality is analogous to the jroof of (3). 
A. Makowski, Elem. Math. 16 (1962), 60-61. 


6.20 If x,y,z are non-negative reaf numbers, tien 
hathythe’ + hytheYha? +hethathy? < ra*r ¥ retry +e rary. 


Equality holds if and only if the triangle is equinraral. 
J. I. Nassar, Problem E 1847, Amer. Math. Monthly 73 
(1966), 82. 
te? cae aoe » <a 
Sp ee (1) 


6.24 ———-+ —— 
Proor. By 
1 4 1 4 1 I 
ha hy h _ r 
we obtain 


hig—2r hyp—2r  fte—2r 
$a + 
Ka hp he 


From the last equality and from 
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we have 
ha hp $ Ne 
Eda Spores ene une) 
hag , hty—2r = he—2r 
Since 
2r 2r 2r 
$a 
Ig—zr — ha—2r 4Ae—2r 
ha— (ha—2r) 1h—(hyp—2r) 4 he (Ae—2r) 
ka-—2r hy—27 he—2r 


= 29-3 = 6, 
we obtain (1). 
E. A. Bokov, Materatika v Skole, 1966, No. 4, 77. 


he 
hath 


ho+r : hetyr 
har hg—r 


6.22 


= 
he—r 


C. Cosnita and F. Turtoiu, Culegere de probleme de algebra, 
Bucuresti 1965, p. 172. ' 


6.23 If &>O, then 
My her ; ky—r he—r >3 4r2 
fetta erry Aetre 27R? oe 
If k< 0, then 


ha—r hy—r . he—r \_ om | 
M yo a apy ae eee ta mar aaa < 3 Raa © 
; (Goa hotra Ne+Te ) 27R 
If k= 0, then 


$72 iq—? lp—r err Fl Zr 
3 < 1{——_, -—-, <3 : 
| on a (a= hotro he+Te > ZR 
Equalities hold if ani only if the triangle is equilateral. 
This result is due tc R. Z. Djordjevic. 


6.24 ha—Ta a ho—?p bie he—Te <0. 
Rata hy—ro he+re 


C. Cosnita and F. T=toiu, Culegere de probleme de elgebra, 
Bucuresti 1965, p. 17> 
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6.25 If astt+c a, then 


xy ha—-1n = ha—re he—Ta >1 
* To—heg . Ta—Ap : Ty—he : 


for E> 0, 
ha—to he—te he—ta 
X, ; 
(a3 ta—hy’ ry—he Sf 
for & <0, 
ge [ ferre Pete 2 Merle’ 2, 
. Te—ha fa—hn re—he 
for E=0. 


Tinis result is due to R. Z. Djordjevic. 


Ta a Ye 3 
6.26 ———~— ——— + ——_—_ 2-. 
i Inthe htethe | hathy~ 2 


This inequalicy is due to R. R. Janie. 

6.27 (hghplte) << SUSFUE < (rary) U3, (1) 
Equalities hai! if and only if the triangle is equilateral. 
Poor. On tie basis of 7.9, 

QRA<BAF-W2<ert, . .. Q) 
Commencing vith 
< BF3 = tghphpabe = hahph,.4RF, rerore = F*r, 


we obtain (1) fom (2). 
A. Makowski, Elem. Math. 16 (1961), 134. 


Equality occws if and only if the triangle is equilateral. 


Proor. From 
‘ I 1 


2 
‘ha Yb Ye ; 
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Ya . Yb Te l fra. 7h 1h, Ve %e 

= —({—-$—— 4+ — 4. — > 4.6=3. 
fa eke s(S+2 ne 
Equality holds if and SnIy Baim th Ye Le. af and only £ 


the triangle is equilateral. 
H. Demir-D. C. B. Marsh, Problem E 1779, Amer. Math. 


Monthly 72 (1965), 420 and 73 (1956), 668., 


REMARK J]. H. Guggenbeimer (see: Amer. Math. Monthly 7: 
(1966), 668) proved the generalized inequality 


Tq \* ry \* %-. \* 

7 =~) +(=-]} 24 

Cy ees a 
for n? I. 


REMARK 2. T. Figiel (see: Amer. Math. Monthly 73 (1965. 
668) observed that the inequality required is equivalent to th: 
fact that the area of an orthic triangle (i.e. the pedal triangz 
for the orthocentre) is not greater than one-quarter of the are: 
of a given acute-angled triangle. 


3 3 
D9) | ee eee WV OF? Cc 
Se hat thy tthe} te t+ry ttre} 
Equality holds if and only if the triangle is equilateral. 
ProoF. Starting from 
ha + hy the = try ttre t = yt 


and using the ‘second of inequalities in 7.9, we obtain (1). 
A. Makowski, Elem. Math. 16 (1361), 134. 
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7. Inequalities for the sides, the area anal the radii of a 
triangle 
7.1 FY¥3<(R+,)2. 
Equality holds if and only if the triangle is equilateral 
PRoor. Since a+b-+e< 3Rx3 (see: 5.3) by means of the 
arithmetic- -geometric inequality, we get 


R+r> 3(% + a BE ar) > Us2r = WSF. (1) 


By means of s* > 3F V3, following 4.2, from (1) follows 
(R47) > VF > W335 = FV3. 
L. Carlitz-F. Leuenberger, Problem E1454, Amer. Math. 

Monthly 68 (1961), 177 and 68 (1961), 805-8C0%. 

H. W. Guggenheimer, Amer. Math. Monthiy 72 (1965), 791- 

793. 

72 FV3<r(4R+1). (1) 
Equality occurs if and only if the triangle is equilateral. 
Proor. Since (see: 5.8) — 

F2 <72(4R2+-4Rr + 3r2) = r2{(4R2+8Rr— 47?) + 4(4Rr+8r°)], 

using inequalities 4r? < 2Rr < R?, we obtain 

F2 <7?[(4R?4+ $Rr4-}r7) 4-32] = $r*(4R+7)2, 


ie. (1). 
J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (1953), 1-7 
J. Steinig, Elem. Math. 18 (1$63), 127-131. 


l 
7.3 s? < 4k? — ~~ F 


Eyuality holds if and only ee he triangle iss: equilateral 
S. Nakajime, Téhoku Math. J. 25 (1925), 2 15-121. 
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PROOF. The sides a, 4,¢ of = triangle are the roots of the 
equation 
2F F2 : 
z8 —— 22 — (= HRr4?)s—4FR = 0, (2) 
r 


7 


where F is the area of given trangle. 
On the other hand, 6-++c—a, c+a—b and a+b—e are the roots 


of 
2F 
“3 — ae u2+4r(tR-+r)u—8Fr = 0. (3) 
The condition that equation :2} and (3) have only real roots, 


leads to R > 2r and imequality (1). 
Ramus-E. Rouché, Nouv. Am. Math. 10 (1851), 353. 


REMARK 1. See: A. Laisant. Géométrie du triangle, Paris 
1896, p. 112. 

REMARK 2. See also 5.10. 
7.12 a < + a B < 
° 2F “ab ey 


' Equalities occur if'and only = the triangle is equilateral. . 


oR 
“ . wt { 1). 


ProoF. From 


1 1 1 
hathy the = 2(— ace ) 
a 


and 
. 9 
Gr Shatmthe < a? 


on the basis of 6.8 and 6.10, we can immediately conclude that 
inequalities (1) hold. 

Equalities in (1) hoid if and aly ifa = 3 =c. 

F, Leuenberger, Elem. Math. 13 (1958), 121-126. 


7.13 FvV3< 4Rrtr? < Fy2—-30. 


Equalities occur if and only = the triangle is equilateral 
J. C. H. Gerretsen. Nieuw Te ischr. Wisk. 41 (1553), 1-7. 
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8. Inequalities for the nedians, the saEiec bisectors and 
other elements of a tiangle 


8.1 ¥s < Ma-bmy- Lite <ls. 


Proor. Let M denote th: midpoint of BC and Jet A’ be the 
point symmetrical to A wit respect to M. Then 


AA’ = 2m,< AB+BA' = b-+e, 
Le. 
2ng < b+e. 
Sunilarly, 
2my <c—a, 2m, < a+b. 
By addition one obtains 
U 
Ma—Ny-—- me < 2s. (1) 
‘Let C’ be the intersection of BC and of the straight line 
passing through A and panilel to the median BN. 
The sides of the triang: 44’C” are 2, 2mty, 2m,, and its 
medians are Zc, $b, $a. 
By means of (1) we get 
Mq-Np— Me > Es. 
C. Sebastiano, Boll. Mat. (Firenze), 1938, 59. 
L. A. Santalé, Math. Noae 3 (1943), 65-73. 
8.2 Mat Mmatme < 4R+7. (1) 
Proor. Let fa, fo, Pe tx the distances of the circumcentre 
from the sides BC, CA, AZ respectively. Then 
<R- Ppa; tin Ss R+o, Mes TT. + Pe. 
By adding these inequaities, we get 
Ma Myte < 3R+par- por pe. (2) 
_ Since 


apg = R? sin 22, bp. == R? sin ZZ, che = R? sin 2y, 
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we have 
patpotpe = R(cos a+cos B-+-cos y). 
Since 
cos «-+-cos B-+-cos y = 1 + > 
drequality (2) becomes (1). 
F. Leuenberger, Elem. Math. 13 (1958), 121-126. 
EX Or < ma+myt+me <ER. 


E. G. Gotman, Matematika v Skole, 1956, No. 5, 76. 
REMARK. Second inequality is improved by 8.2. 


3 
es be (ma+mty+me)* 2 F, 


Equality holds if and only if the triangfe is equilateral. 
L. A. Santalé, Math. Notae 3 (1943), 65-73. 


&5 5 az 2 <he a2 b2 ; b2 
<5 be ——-<m,’< —, A—— Samy = —, 
J ae 3 4 b ar 
c2 c2 
ab ——-< m7 <ab + —. 
4 ¢ Sab + re 


Proor. Since 
b2-+ ¢2 az 


2 4. 


Nagi = 


md by 6?+c? > 2bc, we get 


Equality (2) can be put in the form 
b2tc2—a? a2 
m2 = ————_—- + — 

2 4 


ry 


vaence, by 
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we conclude that 
az 
wigs < be cr erge 
Analogously, one also proves the other inequalities of (1). 
Gaz. Mat. B7 (1956), 431. 
8.6 9 ma?-+n1y2-+-me2 > 3F V3. 
Equality holds if and only if the triangle is equilateral. 
L. A. Santalé, Math. Notae 3 (1943), 65-73. 
REMARK, As 
Me? my2+- me? = = Ha? b?-+c?), 
the inequality follows from 4.4 


8.7 Ifa<y, then wa > we. 
Proor. One has 
ate 4bcs(s—a) 4abs(s—c) 
(6+)? (a+5)? 
and therefore 


Cre (we?—we?) = c(b--c—a) (a+ b)2—a(at+b—c} (b+)? 


a = b3(c—a)+6-(c2—a?)+-3abe(e— a)--ca(c?—a?). 
Hence c—a > 0 implies wg < we. 
This inequality is due to S. Moiseev and the proof to O. Bot- 
tema. 
S. Moiseev, Matematika v 2kole, 1922, No. 5, 92 and 1953, 


No. 2, 89-90. 
co 2be 
8.8 we<v's(s—a) < te ZN Ibe. 


H W. Guggenheimer, Plane Geometry and its Groups, San 
Francisco, Cambridge, London. Amsterdam 1967, p. 178. 
8.9 Steere < Vs(/s— atJ/s—b+/s—e) }xsv ‘3. 

L A. Santelé, Math. Notae 3 (1943), 45-73. 
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8.10 we2-}-wp?-+-w2 > BF V3. (1) 
ProoF. Since 
abc bc 
Dh on a, Oe 
wae eae a Gage St 
we have 
Dd ve? > NS ab—-F DF a’. (2) 


On the other hand, by means of 4.7 
$Da< 4D ab—FV3, 
so that (2) becomes 
Swe > ¥ DL ab+F V3, (3) 

and as ab > 4FVJ/3 (see: 4.5) from (3) w get (1). 

V. O. Gordon, Matematika v Skole, 196¢. No. 5, 76. 
8.11 16(wa4-+w,4+w,4) < 9(24#+54+c4). 

J. Berkes, Elem. Math. 19 (1964), 138-129. 
8.12 If 2 is a real number, then 

arwat boy tere < V Rabes(a2G-)—74a-D + c2G-D), 

Equality holds if and only if the triangle is equilateral— ~~~ 

This result is due to R. Z. Djordjevic. 
8.13 If Ais a real number, then 

@ eg? + bw, +c4w_? < fabes(a4-2* 54-2 c7-2), 

Equality. holds if and only tf the tnangle:s equilateral. 

This inequality is due to R. Z. Djordjevi. 
8.14 waWoite < rs?. 

Equality holds if and only if the triangle‘s equilateral 

L. Carlitz, Problem E 1628, Amer. Matz Monthly 70 (1963), 
891 and 71 (1964), 687. 
8.15 (we'e)? + (wet'a)?-+ (watt a}? < rs*{4R-}. 

Equality holds if and only if the triangles equilateral 

L. Carlitz, Problem E 1628, Amer. Math. Monthly 70 (1963), 
891 and 71 (1964), 687. 
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8.16 WowWee + Wea tLaWs < ore tre atrald- 
Proor. Since (see: 8.8), 


Wa < Vs(s—a), wy< vs(s—8), 


we have 


_ Waly < sx/(s—a)(s—) < s— 


Adding waw,y <}es and the two other inequalities for ww, 
and w,i’g, we obtain 


Wyle-f Wea tay < s?. (1) 
-Qn the other hand, from rag = Fiijs—a) etc., we get 
THeTTePatratt = 8. (2) 


From (1) and (2) follows the inequzlity which was to be proved. 

A. Makowski and J. Schopp, Preblem E 1675, Amer. Math. 
Monthly 72 (1965), 187-188. 

REMARK. The following stronger mequality exists 


Wa? + wert we? < ryre—Tea tla 
8.17 rata trowotrete 
<s(V(s—0)(s—o) + V(e—cs—a) + Va) (6) 


<3 


38 fs \2 & \2/s\4 
Brine Sy VC, 
Na) +(2)) 
Equalities hold if and only if the criangle is equilateral. 


PrRooF. From the formrlas 


a(S fe 2Jbe- p= 
a ec oeed. and te = cee Vs(s—a), etc., 
s—a b-+e 


by applying the arithmeric-geometniz mean inequality twice we 
obtain : 
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Yatat rylotreWe 
< s[vV(s—8)(s—c) ee V (s—a)(s—b) }{s—d)] < s?. 


Equakties hold if and only if the triangle is equilateral. 
It remains to be proved that 


e<rP— a7) +a) GG) 

27 r 

or equivalently (x—27)(64x—27) >0, with x= fs/r)?. This 

follows immediately from the inequality (sjr)* > 27 (see: 5.6), 

in which equality holds if and only if the triangle is equilateral. 
H. Guggenheimer-J. Steinig, Problem 520, Elem. Math. 21 

(1966), 20. 


a a a 
8.18 (=) a (=) 4 (=) > 3, 
Wa Wo We 
for A>0. 
Equality holds if and only if the tangle ss eer 


te aoe. 


Proor. Since 
gy eee. and wa<v s—a), etc., 
we have 


(2) +(G) +) 


(s—a)A (bt a 


The result desired now follows fom the geometric-arithmetic 
mean inequality. 
H. Guggenheimer, Amer. Math. Monthly 73 (1966:, 668. 


4s 2 ' 


8.19 weet weet 2 


We? KS? < ig? my 2+ mF 


Equaities occur if and only if the triangle is equilzteral. 
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_ Paoor. Starting with 
bee Wa? < s(s—a), wy? <s(s—d}, we? <s(s—e), 
we jave 
Ug?-+-wy?+- We? < s(Bs—a—b—c) = S?’, 
witi equality if and only if the triangle is equilateral. 
Ge inequality 
(b—c)?-++ (c—a)?+ (a—d)? > 0, 
yielis 
s? < }(a2=-b2+-c2). 
Snce 


ineaiality (1) becomes 
Ss? < me?-+my?+-me?. 


F. Ryzkov, Matematika v Skole, 1939, No. 1, 80; No. 4, 
Z. 4. Skopec, Matematika v Skole, 1963, No. 3, 89. 


L. Carlitz-S. Philipp, Problem E 1628, Amer. Math. Mont 
70 (963), 891 and 71 (1964), 687. 


F. Leuenberger, Elem. Math. 18 (1963), 35-36. 


8.20 wewotwe < ma-+mot me Sratrotre. 


Exualities hoid if and only if the triangle is equilateral. 
F. Leuenberger, Elem. Math. 16 (1961), 127-129. 
8.21 waite <rald’e KS MaMpitte. 


Ezmalities occur if and only if the triangle is equilateral. 
F.Leuenberger, Elem. Math. 16 (1961), 127-129. 
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9. Inequalities related to two trfangles inscribed one in 
the other 


9.1 Consider a triangle ABC divided: into four smaller triangles, 
a central one DEF inscribed in ABC and three others on the 
three sides of DEF. Then 


area DEF > mim(area AEF, area BDF, area CED). (1) 


Equality holds if and only if the peints D, E, F are the mid- 
points of the sides of 4BC. 


ProoF. Let Fi, Fs, F3 (0 <Fy< Fo < Fs) ve the areas of 
the corner triangles and Fo the area of the central triangle. 
Then we will prove that 


Fy > VFiF, 


with equality if and only if D, E, F are the midpoints of the 
sides of the triangle 4BC. This resuit is slightiv stronger than 
inequality (I). 

Let BC, CA, AB be divided at D, E, F respectively_in the 
ratio x:x', y:y',z:2) with x+-2" = y-ty" = 2+2'= 1. Let ABC 
also be.of unit area. Then the.comew triangles are of areas y'z, 
2’x, x'y. Also 


Fo = 1—3"2—2'x—2'y == xyz4x'y"2'. 


li F3<4 then Fy <Fo<Fe and FytFo+Fe+Fo = 1 


imply 
Fo z= V FF 2. 
If Fy >} then 


Fo = tve+2'y's' > > 2Jxyex'y's” x'y'2’ == 2/F\F.F3> > VF i Po. 


Equality is obtained if and only if xyz = *’s’s’ and F3 = j, 
which occurs if anc only if Fy = Fo =f3=+ Fo =} and 
s= ¥ —— 4 d. 


This prooz is due te P. H. Diananda. 
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REMARK. Inequality (1) was proposed br H. Debrunner in 
1956 (see: Problem 260, Elem. Math. 11 (1%5), 20). According 
to J. Rainwater this inequality may be attrbuted to P. Erdés 
(see: J. Rainwater, Problem 4908, Amer. ifath. Monthly 67 
(1960), 479). 

Proof of inequality (1) was first given by 4. Bager in Elem. 
Math. 12 (1957), 43. In the Amer. Math. Mondly 68 (1961), 368, 
a proof of P. H. Diananda was published. 

Inequality (1) was also investigated by: 

E. Morgantini, Rend. Sem. Mat. Univ. Padrva 30 (1960), 245— 
247. 
' G. C. Citterio, Period. Mat. (4) 40 (1962), 4-50. 

, B. I. Baidaff, Bol. Mat. 35, No. 17-20 (1962, 65-66. 
F. E. G.-Rodeja, Gac. Mat. 15 (1963), 23-24 
N. J. Torres, Gac. Mat. 15 (1963), 127-128. 
H. T. Croft, Math. Gaz. 49 (1965), 45-49. 
E. Szekeres, Elem. Math. 22 (1967), 17-18. 


9.2 Let DEF be defined as in 9.1, then 
per DEF > min(per AEF, per BDF, v= CED), (1) 


where per denotes the perimeter. 
_ Equality holds if and only if the points D, , F are the mid- 
points of the sides of ABC. 


Proor. To prove this it will convenient tc regard DEF as 
given, and to define angular coordinates 9, y 6 as the angles 
which the sides of 4BC make with the correponding sides of 
DEF. More precisely, a line through D and pazulel to FE would 
have to be rotated anticlockwise i.e. in the sewe DEF, through 
an angle p in order to become coincident with 3C; for a clock- 
wise rotation we would assign a negative valu: to y. Similarly 
y and @ are defined by means of anticlockwis: rotations about 
E and F. 

Let D, E, F be the angles of triangle DEF Then it follows 
that angle AFE = E£+0 and angle AEF = 7—y. The only 
restrictions on the range of values for ¢, y, @ ur: tha. DEF must 
remzin inside ABC, so that all angles like E-—?, F—y must be 
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positive, and the sim of any pair of angles in the same triangle 
must be less than tvo right angles. 

Let So, $1, $2, Sa @note the perimeters of the triangles DEF, 
AEF, BDF, CED rspectively. We prove that so> min(sj, Se, $3). 
The sine rule, applid to triangle DEF, gives 


DF+DE _ sinE+sinF _ cos}(E—F) 
FE ~~ sn(E+F) ~~ cos}(E+F)’ 
and similarly, in timgle AEF, we have 
AF-AE _ cos}(E—F+6+y) 
FE sco (E+. F+-6—y) © 


Since all the deaiinators are positive, so—s, has the same 
sign aS 
cos }(E —F) cos }(E—~F +6—y) —cos #(E +-F) cos 1(E—F+-9+-y) 


ie toos (E+ =) + teas F +S) 


There are now tiree possibilities: 

1°. g, p, @ are al zero. Then the sides of ABC are parallel to 
those of DEF, D is ne midpoint of BC, etc., and sg=s\ = s2=$3. 

2°. y, ¥, 8 do na all have the same sign, or not more than 
two are zero. Then -here must be a pair for which, in the cyclic 
order yyie, negatis: (or zero) follows positive: if, for instance, 
p20, 6<0 (or y>0, 6< 0), then so > 51. 

3°. g, yp, 6 are al of the same sign and different from zero. 
Then the product 2m p/2 sin 6/2 is positive, and the expression 
(2), having the sigr of so—s,, can be divided by this product 
to give ; 


; 2 : 
sin E cote — ++ cos E—sin F coig > +. cos F, 
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i 


andi dividing iurther by sin E sin F and bearing in mind that 
cos E+-cos F>0, we see that there is some number &, > 0 
such that 


@ 
hy (so—s1) > cosec F cotg ao cosec E cotg <. 


" Adding simtar results for sy—se and sg—sg, we have 
kz so— 51) +2(So—S2) +43(so—ss) > 0, 
so that sq is gzater than at least one of the s,. 

-Fhis proof = due to L. A. G. Dresel. 

‘FRemark. Lequality (1) appeared as problem 4964 in the 
Aner. Math. Monthly 68 (1961), 384 (E. Trost and A. Bager). 
However, bef-re that Debrunner in 1956 and Oppenheim in 
196 posed tte question of validity of inequality (1). A proof 
of (1) was giver by L. A. G. Dresel, Nabla (Bull. of the Malayan 
Matth. Soc.), 8 1961), 97-99. A prdof of R. Breusch was published 
in the Amer. Nath. Monthly 69 (1962), 672. 

Imequality (, was also proved by: 
¥. H. Croft, Math. Gaz. 49 (1965), 45~49. 
W’. A. Zalgeier, Matematyka, Warsaw, 19 (1966), 49-53. 
E. Szekeres. Elem. Math. 22 (1967), 17-18. 
9.3 Let ro, 7-72, r3.denote the inradi’ of DEF, AEF, BDF, 


CED respectivzy, where DEF is defined in 9.1. Then 

. %o > min (f1, 72, 73). 

E-quality haus if and only if D, E, F are the midpoints of the 
sides of ABC. 

F’roor. Wit the notations of 9.2, we have 


¢ 


E F E+9 F— 
ve (cote —cotg 5) =EF= n(cotg= + cotg . *). 


Hersce rg—r1 bus the same sign as 
E+ F—y E 
cot — cotg -— — cotg — 
2 og eg 
F-yp | 9 E E+6 
— sin — cosec —- cosec : 


2 Z 2 2 
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The argument is now the same as before in cases 1° and 2° 
(see: 9.2). In case 3°, where ¢, y, 6 are either all positive or 
negative, we find that rg—r, has the same sign as 

E+6 E y . F-y 
cosec > cosec — sin——-— —- cosec ——- cosec — sin —-— 


2 2 2 2 2 


sin & cot + cos = cosec E 
= — cotgy — = —— 
Foe 2 2 


si f t ¥ re pee 
— ponerse .@) —— —e — 
ay Ore 5 2 2 


cosec2 a cot ‘ cosec? e cot ts si é si - 

—_ — — cotg — ]sin ——sin —. 

a q OS any eae Baan 
Since the terms within brackets, when added to similar terms. 
cancel each other out, we see that there are positive numbers 


ky such that 
hi(ro—ri) +ha(ro—re) +ks(ro—ra) > 0, | 
so that ro is greater than at least one of the 7;. 
We note that in case 3° our proof does not tell us Ww hether on: 
and the same 7 gives so > sj and ro > 7%. 7 
L. A. G. Dresel, Nabla (Bull. of the Malayan Math. Soc.), = 
(1961), 97-99. 
9.4 If ABC and DEF are acute triangles, where DEF & 
defined in 9.1, then 
min (Ri, Re, R3) < Ro < max (Ri, Re, Rs), 
where Rj, Ro, Rg are the circumradii of the three corner triangles 
and Ro the circumradius of the central triangle DEF. 
Equalities occur if and only if DEF is similar to ABC. 
Proor. We have 
FE = 2R,sina=2RgsinD. 
Therefore , 
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' , Similarly 


Re sink’ Rg sin F - 

Since a+f+y =a = D+E-+F, it follows that at leat one 
‘of the ratios «:D, £:E, y:F is >1, and at least one of these 
ratios is <1. If all the angles are acute, the samme is true cf the 
ratios of the sides, and hence of the ratios Rg: F'1, Ro: Re, £9: Rg. 

: Therefore 

a min(Ry, Re, R3) < Ro < max(Ri, Re, Rs), 
and equalities hold if and only if ABC and DEF are sinar. 

A. Oppenheim-L. A. G. Dresel, Nabla 7 (2 it 175 and 8 
(1961), 72. 

9. 5 Let P bea point inside a circle concentric with the ccum- 
‘scribed circle and with radius < RSI D, E, F dencte the 
i a projections of P on the sides of this triangl: then 

4.area DEF < F. (1) 


Equality holds if and only if P is the circumcentre <f the 
triangle or if P lies on a circle with centre 0 and radius ex/2. 


Proor. If PO = f then according to a theorem whin was 
given by Gergonne (1823): 
q area DEF = 3(R?2—$%) sin asin # sin y. 
For p = R the area DEF is zero; for p > R area is nesative. 
If we consider positive areas only, then 


|R2—p2) 


- area DEF = 
4R2 


Fe 


From this follows (1). 


9.6 Among all the triangles inscribed in a given acuteangied 
triangle, the triangle that has for its vertices the feet of the 
altitudes of the given triangle has the least perimeter. 


Remar. In 1775 in the Acta Eruditorum, J. F. de Tuschis 
a Fagnans proved this thecrem using differential calculus Dther 
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proofs, which were geomnetric in nature, appeared later, a most 
ingenious and elegant. one beizg the proof given by H. A. 
Schwarz. Several prasofs of Fagnano’s theorem, including 
Schwarz’s proof are given in: N. A. Court, Scripta Math. 17 
(1951), 147-150 and 1& (1952), %-96. In 1930, L. Fejér proved 
the theorem in a very simple. wey. 


£97 Let D, E, F be tle feet of <he altitudes of an acute-angled 
triangle ABC. If # demotes the perimeter of the triangle DEF, 


then 
sz Pp. 


Equality holds only ‘for the eczilateral triangle. 


ProoF. If D, E, F te the feet of the altitudes of the triangle 
ABC, then AF = b-ems «a, AE =c-cos a, so that 


EF? = AF?4 AuR?—2.A£-AF-cos« = a? cos’ a, 
ie., 
EF = a-cos a. 
Similarly 
FD = 6i-cosf ani DE =c-cosy. ee 
Therefore we have Oo 
p= EF+FD-+DE = a-cosa+b-cos B+¢-cosy. (1) 
Since 
a@=2Rsin a, b= 2fsinB, c= 2Rsiny, (2) 
(1) becomes 
) == -R(sin 2x—+sin 28+ sin 2y) 
= 4Rsin ast f sin y, 


or, on the basis of (2) 


i.e., 


paz. (3) 
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Using R > 2r, from (3), ¥e obtain s > p. 

This proof is due to R. R Jani¢. 

'A. Zirakzadeh, Math. Maz. 39 (1966), 96-99. 

L. Carlitz, Math. Mag. 3¢ (1966), 289. 
9.8 Let D, E, F be the poxts in which the bisectors of angles «, 
B, y, meet the sides of a trimgle ABC. Then 


4.ara DEF < F. 


Equality hodds only for Se equilateral triangle. 
'V. Gridasov, Matematikz i fizika, Sofia, 6 (1965), 52-53. 


9,9 Let p denote the permeter of the triangle whose vertices 
are the points of contact with the incircle of the triangle ABC. 
Then 


3] s 
pe 6r aR’ 
Proor. Let D, £, F be =e points of contact with the incircle 
of the triangle ABC. Then 
‘ _ & ._ B - 2 
EF = 2(s—a) sin 3° FD =2(s—b) sins. DE = 2(s—c) sin. 
‘By means of the arithretic-geometric mean inequality, we 
obtain 


EF4FD-+-DE =2 [bass +(s—b) cin§ 4.(s—c) sin 2 


OO a aa aera Sear 
> 61] 5—0's—H—9 n> aoe sin 2 


2 2 
¢ 6 3 s 
se aR 
2%. Zivanovi¢, Univ. Bezgrad. Publ. Elektrotehn. Fak. Ser. 


Mat. Fiz. No. 181-No. 19¢ (1967), 69-72. 


9.10 If D, E, F are the pitts on the sides of the triangle ABC, 
such that the sides of the ctangle DEF are parallel to the alti- 
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cades of the triangle ABC, then 


16 
>—— F3, 
area DEF > SiR! 


Zz. Zivanovié, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 181—No. 196 (1967), 69-72. 


4.11 If D, E, F are the points on the sides BC, C4, AB re- 
spectively of the triangle ABC, such that BD = CE = AF =x 
(x < min (qa, b, c)), then 


a*b(2c —b) + 62c(2a —c)+-c?a(2b—a) 


> 
area DEF > 35Rs 


Z. Zivanovi¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 181~—No. 196 (1967), 69-72. 
O. Bottema, id. No. 200-No. 209 (1967), 11-12. 


$12 Let DEF be defined as in 9.1 and Jet 
2a’ = b+e, 2b’ =c+a, 2c. = a--b, 
p= AE+AF, q = BF+BD,1r=CD+CE, 
8S atb-+e, 
If i< pa, t<q<b and i<rc<e, then 
per DEF 2s, 


and equality holds if and only if the points D, E, F are the mid- 
points of the sides of the triangle ABC. 
B, Bollobas, Can. J. Math. 19 (1967), 522-528, 


4.13 Pisa point inside the triangle ABC; the intersection of 
AP, BP and CP and the opposite side is D, E, and F respectively. 
The area of DEF is Fy. Then 


- AD-BE.CF > 4Fys. 


Proor. If x, y, 2 are the barycentric coordinates of P with 
zespect to ABC and 1 = x/a, y; = v/b, 23 = s/c the distance- 
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coordinates, then 
Bip at. PCSs 
yz - YZ 
and therefore 


c*y 24. 2heyz cos a+ b2z? 


a-AD? = 
(y+2)? 
If Fy is the area of DEF, then 
. we 2F xyz 
Fy=F(1 -Saps |- _ oF rye 
G++) | OFEHHEI) 
Hence 
AD®BE2CF? 1 a: Ba 
= a ae —— GFiyiae II (c2yv? +- 2beyz-cos a+ 8222) 
abr? ; : 
AFB Py Pay? II (1? +2121 cos a+ 21°) 
a2h2¢2 ¥1 Z 
=p iT + 7 208 2]. 
As 71, ¥1,21 > 0, we have y1/21 + 21/31 > 2 and thus 
a2btc2 1642b2¢2 5 (s—a) 
hat agy = Grace a) = ae rae let 


and thus k > 4s. 
Equality holds for the incentre. 
OQ. Bottema, Nieuw Arch. Wisk. 14 (1966), 268. 
9.14 if D, E, F the points defined in 9.13, then 
AD of BE , CF _ 9 
AP " BP * CP * 2° 
Z. Zivanovié, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 181-No. 196 (1967), 69-72. 


9.15 If D, E, F are the points of contact of the incircle of the 
triangle ABC and its sides, then 


Sales Uy Bey San 
EF) > \ED) ~ \DE) 7 * 
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Equality holds if and only if the points D, E, F are the mid- 
points of the sides, ie, if the tnangle ABC i: equilateral. 
E. A. Bokov, Matematika v Skole 1954, Na. 5, 76. 


9.16 If D, E, F are the feet of the altitude: of a triangle, then 


EF\ FD 2 (DEVS 3 
eo ae re ae 0) 
Equality holds if and only if the triangle equilateral. 
Proor. Starting from (see: 2.21) 
cos? «-t-cos* B-+-cos? y > 
and putting 
EF =a|cosa|, FD = b |cosp|, DE =c|cos |, 
we get (1). 
Ju. I. Gerasimov, Matématika v Skole 1965, No. 1, 79. 
9.17 If Fi be the area of the equilateral tangle inscribed in 


ABC, then 
fy 
fe ge Ns ae 
@p RL ea IF 
. Equality holds if and only if ABC is equiaieral. 
E. W. Hobson, Problem 4, Treatise on Plane and Advanced’ 
Trigonometry, 1957, p. 211. 


10. Inequalities involving elements of two triangles 

10.1 If Ay, By, Cy are the second points «i intersection of the 
angle-bisectors and the circurmcircle of the mangle 4BC, chen 

area A,B,C, > area ABC, 
where equality occurs only for the equilaizral triangle. 
M.S. Klamkin, Math, Teacher 69 (1967), 323-328. 

10.2 Lf Ai, By, Cy are the second points of intersection of the 
medians and the circumcircle of the triang: 4BC, then 


area 41B:C; > area AB%. 
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‘Equality holds if and onEy if the triungle is equilateral. 
This result is due to R. R. Janié. 


10.3 If Fy is the area of a triangle vith sides /a, Jb, Vc, then 
4F 2 > V3-F. 


P. Finsler and H. Hadwiger, Comment. Math. Helv. 10 
(1937/38), 316-326. 


10.4 Let P be a point inside the equilateral triangle ABC, and 
let D, E, F be the points situated symmetrically to P with 
respect to the sides BC, C_4, AB. Tien 


area DEF < aree ABC. 


Equality holds if and only if P is the centre of the triangle 
ABC, 


Proor. Since 


area ABC = 


V3 
3 


(7:—ra+r3)2, 


re 
area DEF = W3(rorg+13r1+-71179), 


we obtain 
i a cage”. Se AC vey oe Eee 
area ABC —area DEF = a iran (r3—1r1)?-+- (ri —re)*; > 0. 

Z. Zivanovié, Univ. Beograd. Puzl. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 181~No. 196 (1967), 65-72. 


10.5 If a, b, c and a’, b', c’ are the sdes of two triangles ABC 
and A’B'C' inscribed in the same mrcle such that AA‘!BC, 
BB'iCA, CC’}| AB, then 
a@tote | a’ v c’ 
wen — SI, —t—~+— Sh. 
a+b+ec a 5 c 
: Equalities hold only if che triangle 4BC is equilateral. 


These inequalities are Gue to H. Demir. 
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90.6 Lei the triangles 414243 and B,BoBs be inscribed in a 
circle of mdius R. Let T, and Tez be the centroids of these 
triangles respectively. Then 
T1T2 < 3(4R+min AiB;) (t,7 =1, 2,3). 
E, Juconié, Problem 353, Elem. Math. 15 (1960), 85-87. 
40.7 Let the triangles A,42A3 and B,B2B3, with the ortho-~ 


centres Hand He respectively, be inscribed in a circle of radius 
R. Then 


AA, < 4R-+min AyB; (1,7 = 1, 2,3). 
E,. Jucorié, Problem 352, Elem. Math. 15 (1960), 85-87. 
10.8 Let 418;C; be a triangle with sides a, 3), c, and let 


A2B2C2 bi another triangle with sides ae, be, co. Let Fy and Fe 
be their xeas respectively. Then 


@y>(—ao?—by?-+ C2”) + by? (ag? — bo? +09") +-€47(ag? + b22—C27) 

2 16F 1 Fe, 
with equecty if and only if the triangles 41B1C, and 42B2€ 2 are 
similar, 

Proor. Let Az be the point such that the triangles AsB,C, 
and ABs", are directly similar. By virtue of the equalities 
B ic 1 C iA 3 A 3Bi 


ag ba cs 


implied £:m the assumed similarity, applying the law of cosines 
to the trungle A3C1A1, we get 
a2>(A j43)? = a9?by? + a32b9?—2aja9byb2 cos(Cy—Co) 
= a9°by" + a1°bo? —2ayaob be cos Cy cos Co | 
—2a,a9b,6s sin Cy sin Co > C. 
Since 
aydobySa sin Cy sin Co = 4F Fy, 
we obtai. 


£Oy? a@y2by?-— 2ajaeds Se cos C1 cos Ce > BF Fo, 
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Le.,: 
aby? -+ ay2bo? —4(b1?-+ a4? —¢1”) (62? a2” —€9") > BF 1F 9. 
Thz last inequality is equivalent to the one we had to prove. 
Rea:rK. D. Pedoe has proposed this inequality as a problem 
E 15< in the Amer. Math. Monthly 70 (1963), 92 and 1012. 


D. 2edoe, Proc. Cambridge Philos. Soc. 38 (1942), 357-358. 
D. 2edoe, Math. Gaz. 26 (1942), 202-208. 


10.9 Let the triangle ABC be divided by the straight line BD 
in tw: triangles. If 71, re, 7 are the radii of incircles of triangles 
ABD CBD, ABC, then 


rytr, > 6. 
Pr:oF. Since 


2s = AB+BC+CA > AB+-BD+D4A = 251, 
2s = AB+BC+CA >CB+BD+DC = 2sp, 


we hzve 


wher: Fy, Fo, F are the areas of the triangles ABD, BCD, ABC, 
respexiv ely. 


10.1¢ Let a circle be inscribed in a triangle ABC and let a 
triansie A,B,C, be inscribed in the same circle. If s is the semi- 
perizecer of the triangle ABC and s, that of 4,8,C;, then 


=> 251. 
Equality occurs if and only if both triangles are equilateral. 


R\2 
10:13 AF <atealalole<(—) F. 


Ezuatities hold if and only if the triangle 4 BC is equilateral. 
Af. 3. Klamkin, Math. Teacher 60 (1967), 323-328. 
10.12 Suppose that 4,;ByCy (¢ = 1, 2) are trcangles with sides 
ay, b; 2; area Fy and altitudes fy, qi, 7; Define numbers ag, bg, cg 
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by ag = (a12-+-427)¥/2, etc. Then 
1°. as, bg, cg are the sides of a triangle; 
2°. ps? > prr+peo, gs* > qi7 +927, 137 S ri? +72", 


equality occurring in all three if and ony if the aiginal two 
triangles are similar; 


3°. F3> Fit Fo, 
with equality if and only if the triangles are similar; 

4°, Fs 24-F iF, 
with equality if and only if the triangles are congruznt. 

Proor. We give the Nolan’s proof without any checge. Taking 

(ux-toy)?< (uP 08) (22-99), (1) 

with equality if and only if ry = uy. 

1°. ag? == ay? aq? < (b1+-€1)?-+ (bo+-Co¥* 

= b3?-¢3?+2(b1¢y + bacp). - 


But byc1+- doce < (by2-+ be") 1/2 (cy? +57) 3/2 = dgcg ty (1). 
' Therefore ag? < (bg+-cg)?, i.e. ag.< b3-++c3, the s;mmetry of 
which gives the result. 


2°. The cosine formula gives 
€3d3 Cos 83 = cya, cos By Cnae cos po. 
Squaring, applying (1), and dividing by a3? = 2a, we 
obtain 
C3" cos? Bs <1? cos? By-+ cm? cos? Bo. 
Subtraction gives 
cg* sin? 83 > ¢3* sin? Bj cx? sin? po, 
which is #3” 2 pr+p? as required. Stmilarly for gs? and rg?. 
Equality holds for #3? if and only if a: /az = cy cos 31/c9 cos Be, 
sirnilarly for rg? if and only if cyjco = @3 cos fi/ao ‘os Bo, giving 


cos By == Col J2, ayjas — C1/€9. 
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Therefore for equality for one altitude, similaity is sufficient 
but not necessary. (e.g. both triangles isosceks is sufficient). 
Equality for two or three altitudes holds if and oniy if the original 
triangles are similar. 


, 3°. 24F i+ Fe) = p141+feae ; 
< (p12-+f22)'/2(ay2 +492) V2 


< p3a3 = 2-F3, 


as required, equality occurring if and only if «cos Bj/cz cos Be 
= ay/ae as in 2°, and a,/az = dilpa = Cy sin Byes sin Be, giving 
tg Bi = tg Bo, etc., ie. the triangles are similar. 


. 4°. Fs? > (Fyt-Fo)? = (Fi—F2)?+4F Fo > Sie, 


with equality if and only if the triangles are smilar, as in 3°, 
and F; = Fs, i.e. the triangles are congruent. , 

A. Oppenheim-R. P. Nolan, Problem 5052 Amer. Math. 
Monthly 70 (1963), 444 and 71 (1964), 444. 


10.13 For two triangles with sides a, b, c and 114, mp, me, whose 
angles are a, 8, 7 and om, Bm, Ym Tespectiver, the following 
implications are valid: % "gh 


a@>b>c>mg <im<m; 
~ x>Pp>y> on <Bm< 7m; 
“> Om > Ym; 
a> Bm>B< ym; 
B>am>y< Bn. 
’ L. Toscano, Archimede 8 (1956), 278-279. 


11. Special triangles 


11.1 In each acute triangle two angles exis: vhose difference 
is less than or equal to x;6. 
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11.2 For each acut: triangle, 
—cotg 2x—cotg 28—mtg 2y > cotg a-+-cotg B-+-cotg y 
a B ? 
> tg—+tg—+ige 
85 + tg 7 TBS 


| a—B a—y 
tg ——__ +t 
tte + 


/ Soe? 


> tg 


> V3. 
Equalities hold if md only if the triangle is equilateral. 
C. Iomescu-Tiu, Giz. Mat. B 14 (1963), 560. 


11.3 A necessary aid sufficient condition for a triangle to be 
acute-angled is 
tga-tgB > 1. 


G. Piskarev, Matenatika v Skole, 1952, No. 5, 93 and 1963, 
No. 3, &8. 
11.4 For each acuz triangle, 

tg «(cotg f—sotg ;) + tg B(cotg y-+-cotg a) 
+tgy(cotga-tcotgs)>6. (1) 
PROOF. According -0 our assumption, of 
tgz>0, tgB >0, tgy >0. 
Using 
1 
z+ — 22 («>0) 

for x = tga/tg 8, ec., and then adding these inequalities, we 
obiain 


tga  tgf tgp tay tga tgy 

— + + — 

tgp tge tgy tgs | tgy  tez 
whence (1). 


11.5 For each acuz triangle 
tgatgPpigy > 3/3. () 
Equality holds t .nd only if the triangle is equiicteral. 
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_ Proor. Staring from the identity 
ga igh tgy = ig x+tgf+tey, 
which holds foz any triangle, we obtain 
tgatgpigy =tgattgprigy>3t tga tea-tgy, 
whersce 
igiatg? Bigs y > 27tgatg ptgy, 


ie. (1). 
N. Dzigava, Matematika v Skole, 1949, No. 4, 60. 


11.6 For each acute triangle, 
tgattg pttg y > 3V/3. 


. Equality holds if and only if the triangle is equilateral. 
- Math. Notae 6 (1946), 196. 


11.7 If 2 is 2 positive integer, then, for each acute triangle, 
tg ate” B-tg* y > 3+ 9m. 
i Jum. I. Gerasimov, Matematika v Skole, 1964, No. 1, 82-83. 


11.8 . If» denotes a.non-negative real number, then, for each 
acute triangle 


tg" a-+-tg" B+ tg™ y > 3-30/2, (1) 
‘Equality hoiis if and only if the triangle is equilateral. 


Proof. On the basis of 11.5, we have 


tg" a«—tg” ten ljn 
(Sele) > (tga tg 2 tg y)U8> ae, 


4 
whezice follows (1). 

M.N. Kritikos, Actes du Congrés fale Pease ne de mzzhé- 
maticiens, Ath:nes, 2-9 september 1934, 157-158. 


REMARK. Ip:quality (i) in the paper mentioned was proved 
onl for 2 an cid, positive integer. 
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11.9 sina+sin f-+siny+tge+tg f+tgy > 2x holds for eack 
acute triangle. ¥ 
Ju. I. Gerasimov, Matematika v Skole, 1965, No. 2, 63. 


11.10 For each acute triangle 
sin 22-+-sin 28 +-sin 2y 
sin 42+-sin 4f-tsin4y ~~ 
Proof. By virtue of 
sin 2e-+-sin 28 -+-sin 2y = 4 sin a sin f sin y 
and 
sin 4«+-sin 4f-+-sin 4y = —4sin 2a sin 26 sin 2y, 


inequality (1) becomes 
_ sin asin Bf sin y 
sin2asin23sin2y — 
i.e. 
sin 2z sin 27 sin 2y < sin « sin f sin y. 
The last inequality is true by virtue of 2.23. 
W111 SH) < ¥ri(O} holds for each acute triangle. 
_ F. Leuenberger, Problem 444, Elem. Math. 18 (1963), 18. 
11.12 For each acute triangle, | GE ees SS 
2 Sn(H) <6r <2 E r(G) <2 Dn(0) = DRA) <BR. 
L. Bernstein-J. Steinig, Elem. Math. 19 (1964), 870. 
11.13 For each acute triangle 
6r< VR) < SRA) <BR. 
L. Bernstein-J. Steinig, Elem. Math. 19 (1964), 870. 


11.14 fD,£, Fare the feet of the altitudes of an acute triangi: 


then 
Als-BI+CI > 2(DH+EH-+FRH). 


Equality holds if and only if the triangle is equilateral. 
L. Bankoff, Problem E 1564, Amer. Math. Monibly 70 (1963, 
210 and 70 (193), tiOl. 
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11.15 If dg, é, ¢, are the lengths of transversalis drawn from the 
vertices A, B, C of an acute-angled triangle to the opposite 
sides, then 


1. ftattte? +t?) 3 
2 tnt | ard? +o2 f° 4” 
1 mas eet? | 3 

La = - 
es a2—b2+4¢2 z. 


fa. to, te 
Equalities hold if and only if the triangle is equilateral 
A. S. B. Holland, Elem. Math. 22 (1967), 49-55. 
11.16 Ifa triangle is non-obtese, then 
R-+r < max (Aa, ho, he). 
Remark. In fact, this is an inequality of P. Erdés. A proof 
can be found in: Matematika v Skole, 1962, Ne. 6, 87-88. 


11.17 Ifc=min(a, 8, c), then, for a non-obtuse triangle, we 


have 
er psc 


Matematika v Skole, 1962, No. 6, 87-88. 
11.18 For an acute or right-angled triangle 
4(cos? B cos? y cos? y cos? a+-cos=xcos?B) < cos’? a-+ cos? #—cos?y, 
4(cos? B cos? y--cos? y cos? 2-+-cas? « cos? B) 


+16 cos? «cos? Bcos*y < 1. 


% 


; Equalities occur when the triangle is equilateral oz right- 
angled isosceles and in no other case. 

A. Oppenheim, Problem FE 1838, Amer. Math. Monthly 72 
(1965), 1129. 
11.19 If # is an integer greeter than 2, then for azr right 


tnangle, 
Qh LER <M, 
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PRooF. Since a <tc, 6<c, and c? = a2+.b?, we o 
cm = cnr-2-2 — cn—2(a2-+-5?) 
== a2cn-2+. b2cn-2 
> a2an-2+.}2hn-2 
= atb", 
11.20 For any right triangle, 


a—b< c/2. 
PRooF. Since 


2 =e 2b? == 
we conclude 
2c2 > (a+bY, ie. atd<cV2. 


Equality in (1) olds only for a = 6. 
Matematika v Skole, 1963, No. 5, 76. 


11.21 For any right triangle, 


9 
cos? : 
2 c 


_ Proor. Suppose that ast =p. Then 
3(sin wea py > dem oy A 


i.e. 
. at B a—B noo 
sin mes > vsin «sin £. 
Since 
sin ane v2 sin 2 sin @ é 
§ — ee & a= bn = 
2 2 ? , v é 
we get 


Equality in ' (1: holds onir for a = 2. 
N, Dzigawa, Matematika v Skele, 1949, Ne. 1, 62 
Nea. 4, 59. 
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11.22 For any right mangle 


fo tol 

Pp el a aoe 

where /: is. the altitude of the hypotenuse. 
Equality holds only pr the isosceles triangle. 


ProoF. Since 
F =h(a+b+c}r = teh, 


we get 
r c 
h~ a+tb+e 
Since a+b > c, we hive 
r c 
-< = 4. 
IN c+c 


. Furthermore by 1121, 


r c 
hooey 2c 

= 

11.23. For any right angle, 
| R+r> V2F. 

Matemazika v tkole, 365, No. 5, 77. 
1124 If «>2/2, ther 
a8 
8a) Sa 
sai 5453¢3 
Proor. For « > a/Z.:ve have cosa < 0, so that 

cosa = —Iesal, a? = b2+¢?+ 2Zbcicos al. 

On the basis of the acthmetic-geometric mean inequa 


«2? 2+-¢?—Zhejcos a| 


3 > ¥'b%2. 2be ‘cos a, 


Whence (1) follows. 
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H. Hamzin, Matematika v Skole, 1949, No. 5, 62 and 1950, 
No. 2, 54. 
11.25 | If fa, ty, fe are the lengths of transversals drawn frorm the 
vertices A, B, C of an obtuse triangle, then 
1 tth?ti? 34.3 
3 a2+b2+c2 3 


A. S. B. Holland, Elem. Math. 22 (1967), 49-55. 
11.26 A triangle is acute, right or obtuse, depending upon 
whether the expression 
(62-+-c2—a2)(c2-+ a2 b2} (a24-82 —c2) 
is positive, zero or negative. 


C. Ciamberlini, Rassegna di Matematica e Fisica (Roma) 
5 (1925), 241-244. 


11.27. Depending upon the fact whether a triangle is acute, 
right or obtuse, one of the following statements hold: 


1°. s>2R+7 or s=2R+r or s <2R--+7. 

2. Ssinta>2 or Nsint2a=2 or Hsin?ae <2 

3°. Sa? > BR2 or Ya? =8R? or Ya? <BR, 

4°.-R>3-0G or R=3-06 or R<3-0G. 

5°. [I (s—ra) > 0 or [] (s—ra} = 0 or TI (s—ra} <0. 

C. Ciamberlini, Boll. Un. Mat. Ital. (2) 5 (1943), 37-41. 
11.28 Whether a triangle is acute, right or obtuse, we have 


2 
lathe phe & ZR+4r+ —, 


respectively. - 
We were informed of this resniit by A. Bager. 
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12. Inequalities for the distances of a point to the vertices 
and the sides of a triangle 


12.10 6r<g AI4BI+CI <3R. 


Equalities hold if and only if the triangle is equilateral. 
L. Carlitz, Math. Mag. 36 (1963), 264. 


12.2 AI4BI+CI < 2(R+r) = AH+BH+CH. 


Proor. According to 2.56, we have 


= Ycosa = (0 sin) 4 Fe 


2 Z cosee = <4 + TI cosec 


N/R 
| 


or ‘ : . : : ; 
AI+BI-+-CI <2(R++). 
- G. Daniellson, Elementa: matematika, fysika, kemi 36 (1955, 
135. = 

L. Bankoff, Problem E 1397, Amer. Math. Monthly 67 (1963, 
82 and 67 (1960), 695. 


12.3 Let x, y,z be the distances of the circumcentre of a triange 
to its sides. Then : 
watwetie <Ax—>y+2). 


Equality holds if and only if the triengle is equilateral. 
F. Leuenberger, Problem E 1573, Amer. Math. Monthly 
(1963), 331 and 71 (1964), 92. 
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124 If ABC is an equilateral triale and P a point outside 
its plane, PA = , PB = q, PC => then 
(—p+9+r)(6—9-+1r)\(t-g—n > 0. (1) 

Rexsark. This is a generalization sf Pompeiu’s theorem. An 
elegant geometric proof was given iv G. R. Veldkamp, Nieuw 
Tijdschr. Wisk. 44 (1956), 1-4. An azalytic one by O. Bottema, 
ibid. 44 (1956), 183-184, who provec furthermore 

@F2> 127, 

Here a represents the sides of ABC F the area of the triangle 
the sides of which are PA, PB, PCand V the volume of the 
tetrahedron PABC. In 1) the equaliy sign holds if P is on the 
sphere trough 4, B, C with its centreat the centre of ABC. 

12.5 For any acute triangle 
AG24BG?+CG2 = A=-BH.CH 
AQ?+4BO?+C0O? +!-BI-CI 

Equality holds if and only if the angle is equilateral. 

S. Reich, Problem E 1887, Amer. Mich. Monthly 73 (1966), 538. 


< 8. 


12.6 Let P bea point in the interio-of the triangle ABC. If the 
straight lines AP, BP, CP intersec: the sides BC, CA, AB in 
D, E, F respectively, then 

PDLPE+PF < mx(aq, B,0). 

Proor. Assume that @>b>c. Let PX}|AB, PY||AC, 
XK!PF, YLiPE, where X and Y ze points on BC, K a point 
on AB and L a point en AC. Since i is greater than 4D, CF, 
BE bz virtue of the sixnilarity of tis triangies PY Y and ABC, 
BXK and BCF, and finally CYL ani CBE, we get, respectively 

XY > PD, BX >XK = PF YC >YL= PE. 

Hexce, 

a = BX+XY~YC >7D+PE+PF. 

P. Erdés, Problem 2746, Amer. Mach. Monthiv 42 (19353, 454 

and 44 (1937), 409. 
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12.7 If the point P is inside a triangle ABC, then 
s << AP+8P+CP < 2s. 


H. W. Guggenheimer, Plane Geometry and Its rains San 
Francisco, Cambridge, Londoz, Amsterdam 1967, p. 178. 


12.8 If a = max(w,6,c), then 
. Ri t+Re—Rg > b-be. 
E. G. Gotman, Matematika v Skole, 1966, No. 1, 89. 
12.9 min (tay ho, hee) <r1+-r2—rg < max (ta, hoy hi). 


S. I. Zetel’, Zad#ti na makimum i minimum, Moskva 1948, 
pp. 21-22. 


REMARK. A consequence of these inequalities is 
min (fia, hte, he) < Ir < max (Aq, ho, he). 
12.10 (Aa—ri)(ho—-12) (he—rg > Brirers. 


Equality holds iif and only if the tziangle is equilateral and 
P is its centre. 
L. Carlitz, Amer. Math. Morthly 71 (1964), 881-885. 


12.11 haholte = QP F347 0r3. 


Equality holds i and only if the triangle is equilateral and 
P is its centre. 
L. Carlitz, Amer. Math. Mozzhly 71 (1964), 881-885. 


h i h 
ig ee 
TL 79 73 
S. I. Zetel’, Zadzéi na makSinum i minimum, Moskva 1948, 
p- 63. 
L. Carlitz, Amer. M ath, Morc:hly 71 (1964), 881-885. 


12.13 Ry Rot Rye a 2! (rytre—rg). 


Equality holds if and only = the triangle is equilateral and 
P is its centre. 
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Proor. Let L, M, N be the feet of the perpendiculars from 
P to BC, CA, AB respectively. Then 


JIN = (re?+-192+-2rerg cosa)l2, ALN = R, sin a. 
We now have, in turn, 


(r2?-+4-73? + 2rerg cos a) V2 


Rit Ret Rs = Y : 
sin « 
=F [(r2 sin y4-r3 sin #)?+-(ro cos y—rg cos B)?}1/2 
i . SID a 
>F (rg sin y+ra sin B) 
sin a 


oe ee 


siny sing 
2 2(ri-+re+r3). 


P, Erdés-L. J. Mordell, Problem 3740, Amer. Math. Monthly 
42 (1935), 396 and 44 (1937), 252-254. 

G. R. Veldkamp, Nieuw Tijdschr. Wisk. 45 (1957/58), #93-196. 
" L. J. Mordell, Math. Gaz. 46 (1962), 213-215. 


12.14 Let P be any point in the plane of the triangle 4BC. 
Then 
; R\+Ro+Rs3 > 6. 


M. Schreiber, Aufgabe 196, Jber. Deutsch. Math.-Verein. 45 
(1935), 63 kursiv. 

J. M. Child, Math. Gaz. 23 (1939), 138-143. 

L. Bankoff, Math. Mag. 39 (1966), 69. 


12.15 In any non-equilateral triangle T, the line through the 
incentre J and perpendicular to the line joining J with the cir- 
cumcentre O divides T and its boundary in two regions. For alk 
points in that region which contains the vertex opposite the 
triangle’, smallest side, we have 


Ri + Rot Rg BS 21, + 79+79) Gr. 
r FL 
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In the second region, 
Rit RetRs > 6r > 2(r1+re+r3), 
while on the dividing line, 
Ri+Re+Rs3 2 2(rit+ret+rs) = 6r. 
J. Steinig, Acta Math. Acad. Sci. Hungar. 16 (1965), 19-22. 


| b 
12.16 RitRet+Ra>n (- se 5) ye (< on “lens (= 4 =) 
c b c a b a 
| 2 2(r1+7r2-+73). 


Short and elegant proofs were given by Veldkamp and by 
Eggleston. 


Proor. Let P’ be the reflection of P in the internal bisector 
of angle BAC. Then P’ is distant R; from A, 73 from the side AC, 
and re from side AB. The triangles ABP’, ACP’ do not meet 
except along their common side AP’. We have 


4aR, > area ABP'C 
== area ABP’+area ACP’ 
= 4roc+-4736. 


“i . 6 
7 Ry > re (=) + 73 (=). 
a a 


and equality holds if and only if AP’ is perpendicular to BC, 
that is, if : 


x BAP = <ABC + “BAC — =. 


By reflecting P in the internal bisectors of angles CBA and 
BCA we obtain 


P73 
non(G)n(G) mon(2)on(2) 
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Equality holds in the latter of these inequalizes if and only if 
+ PBA = {ABC + XBAC——. 


Thus if equality occurs in the first and thiré inequality then 
AP = BP, and equality oceurs in #ll three if and only if P is 
the circumcentre of a triangle ABC’. Adding <hese inequalities 
we obtain 


sree g)n(4)-a(S2) 


Since b/e+c/b > 2, etc., we have 


n(z + 5) + 12 (E+ <)+ ($+ *)> Si 


and equality holds if and only if a = 6 = ¢ ard P is the centre 
of thé triangle ABC. 
J. M. Child, Math. Gaz. 23 (1939}, 138-143. 
D. K. Kazarinoff, Michigan Math. J. 4 (1957.. 97-98. ° 
G. R. Veldkamp, Nieuw Tijdschr. Wisk. 45 (2757/58), 193-196 
H. G. Eggleston, Math. Gaz. 42 (1958), 54-55. 
Z. A. Skopec, Matematiteskoe prosveS¢enie = (1960), 151-152. 


12.17 Let P be a point within the triangle 4BC and let D, FE, F 
be its orthogonal projections on sides BC, CA, AB respectively, 
then 

FD-PC | DE-PB DzE-PA FE: PC 
Rit Rt R3e n( : an tose 4 


DE-PB © FD-PC -E-PC' DE-PA 
FD-PA | FE- 2) 


+93 


.FE-PB PB * Ep. PA 
2 2(ri+re+rg}. 
L. Bankoff, Amer. Math. Monthly 65 (1958 , 521. 


REMARK. This theorem and i2.16 imterpelite an expres-ion 
12.13. 
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12.18 Ri+Re+Rs> 2VF 3, wy 
Equality occurs if and only if the trizngle is equilateral and 
P is its centre. 


Proor. Let BT||CS|;PA and BT =C3,= PA, CR||AT‘|PB 
and CR = AT = PB, AS||BR|jPC and 4S = BR = PC. Then 
the hexagon ATBRCS has the area 2F and the perimeter 
2(Ri+R2+R3). Between all hexagons of given area the regular 
hexagon has the smallest perimeter. Theefore 

Rit R2+Rs > WF, 3, 


The hexagon ATBRCS wiil be regular only if P is the centre 
of an equilateral triangle. 

U. T. Bédewadt, Jber. Deutsch. Matt-Verein. 46 (1924), 7 
kursiv. 


REMARK |. Inequality also holds when the point lies any- 
where in the plane of the triangle consid=red. 


REMARK 2. Inequality (1) is stronger than 12.14, because 
(see: 5.11) 
6r <2VF V3. 
12.19 aRi+6R2e+cR3 > 2(ar1+-brecrg:. ea we 
G. Steensholt, Amer. Math. Monthly 62 (1956), 571-572. 
Remark. J. Schopp has proved a simfar result for n-dimen- 
sional simplex. See Amer. Math. Monthly <6 {1959}, 696-8¢7. 


12.20 Ry sin = 4 Re sin £ + Rssin = >rtretrs, (1) 
2 


Equality occurs if and only if P is the iscenire of the triangle. 
Proor. Since 
ry = R3sin < PCB and re= Rrsin «< PCA, 
we have 


rytre = Resin <PCB+sin 4PCi-<2hy en 


ro}~ 


(2) 
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By virtue wf two analogous relations valid for rg+rg and 
rg-+ri, we obain the inequality (1). 

Equality ix (2) holds if and only if xPCB= <PCA, ie., 
only if P is apoint of the bisector of the angle ACB. Therefore 
in (1) equality holds if and only if P is the incentre of the triangle. 

L. Carlitz, Hem. Math. 21 (1966), 115. 

12.21 RoRs—R3Ri+ RiRe > 4(reratraritri.). 

J. M. Child. Math. Gaz. 23 (1939), 138-143. 

A. Oppenhem, Amer. Math. Monthly 68 (1961), 226-230. 
12.22 ReRs~R3ki+-Rike 

2-(ra+12) (ra+11) + (r2+73)(r1+12) + (r3+11) (r2+73)- 

Equality hads only for the equilateral triangle, the point P 
being its centre. 

A. Oppenheim, Amer. Math. Monthly 68 (1961), 226-230. 

A. Oppenhem, Ann. Math. Pura Appl. (4) 53 (1961), 157~164. 
12.23) Ry 1~Ro1+ Re) S271 ret rg}). 

Equality h:ids if and only if the triangle is equilateral and if 
P is its centre. 

J. M. Chilc. Math. Gaz. 23 (1939), 138-143. ilar gnits 

A. Oppenhem, Amer. Math. Monthly 68 (1961), 226-230. 
12.24 Ryt+22t+ Regt < 2(ry'+ret+rsl), - oe 
fori< —l1. 

Ryt= Rol + Rel < 24(ry!--rel+rs'), 
for —1<i<i 
Ryi+Rot+Ret > 2t(ri’+ret tray, 
for O<?<l. 
Ryt-- Rott Rat > 2(ry!+rettrgt), 
for ¢> 1. 

Equality o:surs only for the equilateral triangle, the point 
P being its czttre. 

A. Florian, Zlem. Math. 13 (1959), 55-58. 

A. Opperhe:n, Amer. Math. Monthly 68 (1961), 226-230. 
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12.25 R,Reks > Brirers. 


J- M Child, Math. Gaz. 23 (1939), 138-143. 
J. Burkes, Elem. Math. 12 (1957), 121-123. 
A. Ozpenheim, Amer. Math. Monthly 68 (1961), 226-230. 


12.26 RiReR3S S rirors, 


with S= sin a/2 sin B/2 sin 7/2. 
Equzity holds if and only if P coincides with J. 
O. B:ttema, Nieuw Tijdschr. Wisk. 53 (1965), 50-51. 


j 


Rewrk. Since S <4 (see: 2.12), this inequality improves 
12.25. 


12.27 RyReks> (ro+73) (rs-11) (ri+re). 


Eque:ty holds if and only if the triangle is equilateral and 
P being its centre. 

A. Ozpenheim, Problem E 1433, Amer. Math. Monthly 67 
(1960), £02 and 68 (1961), 380. 

A. Oqpenheim, Ann. Math. Pura Appl. (4) 53 (1961), 157-163. 


12.28 %SR RRs > (r2+13)(r3-+11)(r1 79), (1) 
‘ 


with S$ =sin a/2sin 8/2 sin y/2. 
Equaity occurs if and only if P is incentre of the triangle. 


Proo:. Applying the law of sines and the law of cosines to the 
triangle 4MN, where Af and N are defined in 12.13, we obtain 


Ry? sin? & = ro2+-7g2-£ 2rors cos x 


a 2 donee 
== (ro+r3)2 cos? S + (re—rs)? sin? a 


fe 
Zz (ro-+r)? cos? 7 
and so 
7 m 
2Ri sin > 2S rots, 


with equity only when re = 73. Hence (1). 


112 _ GEOMETRIC INEQUALITIES 
In (1) equality holds if and only if 7; = 72 = 13. 
L. J. Mordell, Math. Gaz. 46 (1962), 213-215. 
REMARK. Since S < } (see: 2.12), this inequality improves 
12.27. 
F2 


2 
12.29 nrers< 7 OR (1) 


Equality holds if and only if point P ts the centroii of the 
triangle. 


Proor. By 
ar,\+bre--erg = 2F 


and by arithmetic-geometric mean inequality, we have 
a eg ee 
ar, bre ers 2F 2F 2F _ i 
QF 2F 2F ~ 27 ~ op 
where equality holds if and only if ary = bre = crg, ie, 
area PBC = area PCA = area PAB, 
which is equivalent to the condition that P is the centraé < of the 
triangle. mies 
Since abc = 4FR, we obtain (1). 
‘L. Carlitz-J. H. Tyrrell, Math. Mag. 37 (1964); 279. 
12.30 Rek3+R3R1+Ri Re S 2(nRi+ rolts-+1r3h3). 
Equality halds if and only if the triangle is equilaisral and 
the point is its centre. 
A. Oppenheim, Amer. Math. Monthly 68 (1961), 226-230, 


12.31 riRi+reke+raks 
rare 


be c a _ fa 
Big PRG | ee 
c Ob a@o¢ b 
3 2Arorstraritrirs). 
Equality holds if and only if the triangle is equila:zral and 
if P is its centre or if P is one of the vertices of the trzngle. 
A. Oppenkeim, Amer. Math. Monthly 68 (1961), 226-230, 


| oe 
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ome 1 1 1 1 | 
12.32 — +—-+—>2(—_ + —— + —]. 
73 _ rary oe nre (=e ree iz = 

Equality holds if and only if the triangle is equilateral and 
if P is its centre. 

A. Oppenheim, Amer. Math. Monthly 68 (1961;. 226-230, 
12.33 If O<i< 1, then 

© (rpRa)*+ (reRe)§+- (ras)! > 2'[(rara)'+ (rari)'—(rire)*]. 


Equality holds if and only if the triangle is equilateral and 
if P is its centre or if P is one of the wertices of te triangle. 
A. Oppenheim, Amer. Math. Monthly 68 (1961), 226-230. 


1 1 1 1 1 ] 
12h. ee eh ee), 
riRi | aR! reRs* Ge + RR am) 
Equality holds if and only if the triangle is ezuilatera] and 
if P is its centre. 
A. Oppenheim, Amer. Math. Monthlw 68 (1961}, 226-230. 
1 1 1 1 1 [ 
1235 —-+—+——-24(-— + —— +-—}. 
173 ss 7371 aE cate) (ax RR) =) 
Equality holds if and only if the triangle is ezuilateral and 
if P is its centre. — . 
J. M. Child, Math. Gaz. 23 (1939), 138-143. 
R, Re R3 


eat ot 
a 
Ritrn, Retre  Rst+re 


J. Berkes, Elem. Math. 12 (1957), 12 1-123. 


a= 2. 


12.36 


12.37 If x, y,z are arbitrary positive mumbers, then 
aRityReeRy 
yz(RotRa)  , 2x(R3+-Riji xy(E.+ Re) 
22) ————— #1. + + tn 03 J. 
yRotzRg zR3—xRz xR:—yRe 
Equality occurs if and only if xR’; =yRe =-:R3 and the 


angles BPC, CPA, APB are 27,3. 
A. Oppenheim, Ann. Math. Pura Appl. (4) 53 (7421), 157-163. 
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12.38 Lea P be a punt inside the triangle ABC. Let D, E, F 
be the poimts of intesection of the lines AP, BP, CP with the 
sides BC, CA, AB respectively. Then 
4P i BP a CP aie 
iD" PE" PF* 
Equality holds if md only if the point P is the centroid of 
the tnangie. 
ProoF. Let Sy, 53 Sg represent the areas of triangles PBC, 
PCA, PAB. Since He tnangles ABC and PBC have the 


common side BC, 
AD — Si+S2+Ss 
PD Si 4 
whence 
AD—PD = Se—-S3 F PA = Se S3 
PD Ss; Pp SS 
Analogously, one tbtains 
PB ss Si PC SS 


_ By adeding together these equalities, we get 
AP BP CP 


pp * PEt PF 


{Sr , Sa ee =) (= 2) 

=({—— += Soe re en ee ree Se 
(= v z)+ Ss Se Si * Ss gs 

QO. J. Ramler, Poblem E 1043, Amer. Math. Monthly 59 


(1952), 597 and 60 -953}, 421. 
L. Carlitz, Amer. Wath. Monthly 71 (1964), 881-85. 
12.39 ‘With the noations of 12.38, we have 
AP BP -CP 
a es eB. 
. PD PE PF 
Equahty holds ¢ and only if the point P is the centreid of 
the triangle. 
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Proor. By vine of 12.38, we obtain 


AP BP G@ _ (Sat+Ss)(SstSiN(Sr+Ss) _ 8515083 _ 


Q. J. Ramler. Problem 1043, Amer. Math. Monthly 59 (1952), 
697 and 60 (19&i, 421. 

Ch. W. Trigg Math. Mag. 36 (1963), 244. 

L. Carlitz, Aner. Math. Monthly 71 (1964), 881-885. 


12.40 If P is: point inside the triangle ABC, and A’, B’, C’ 
are the intersec-ons of AP, BP, CP and the sides BC, CA, AB, 
respectively, ther ; 
AA' fe BB’ + CC’ 2 
AP ' BP ' CP 72 
Z. Zivanovié Univ. Beograd. Publ. Elektrotehn. Fak. Ser. 
Mat. Fiz. No. 1-No. 196 (1967), 69-72. ' 


12.41 Let AB- be any triangle and let P be any point inside 
it; let AP, BF CP produced meet the opposite sides of the 
triangle at 4’, =", C” respectively. Then at least one of the 
inequalities 
V3 BB V3 cc’ V3 
pa Fas ae Se oe eS (1) 
BC 2 CA 2 AB” 2 


holds. 
- This statemett of G. N. Watson is included in the following 

theorem due tc I. W. Chaundy: 

That one of tie above inequalities which involves the shortest 
of the three sid of the triangle is true. 

Or in the folicsving theorem of Watson: 

That one of Ge above inequalities which involves the longest 
of the three trasversals AA’, BB’, CC’ is true. 

3/2 in (1) iste best possible constant. 

G.N. Watsoz.Duart. J. Math. (Oxford Ser.) 11 (1940), 273-276. 

A. Rosenblat: zifers an elementary proof of the theorem due to 
Watson (see Acus. Acad. Sci. Lima 4 (2943), 156-161 and 213- 
220). 
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REMARK. In fact, the priority of the theorem is due to J. J. L. 
Hinrichsen, who proposed in the Amer. Math. Monthly 39 (1932); 
549, the following problem: 

Given any triangle with three line segments concurrent in a 
point interior to the triangle and joining each vertex to its oppo- 
site side. The length of the longest of {hese three lines cannot be 
less than 4V3 times the length of the opposite side of the 
triangle. 

J. J. L. Hinrichsen, Problem 3576, Amer. Math. Monthly 39 
(1932), 549 and 41 (1934), 193-194. 

In the same Journal, 41 (1934), 193-196 a solutiom of this 
problem was published by F. Underwood and the editors of the 
Amer. Math. Monthly. 


12.42 If a<b<e, then 
$s 
Ryi-+Re+R3 > = (rit+re+r3). 


L. Carlitz, Amer. Math. Monthly 71 (1964), 881-885. 
12.43 Ry+Re+Rs> 2(v'ror34+-V 5714 Vir). 


Equality occurs if and only if the triangle is aauaiaigel and 
if P is its centre. 
L. Carlitz, Amer. Math Monthly 71 (1964), 881-885, 


12.44 R2+Re?+Rs? > 2rorgtraritrir2) + 60 (rirae3)2. 


Equality holds if and only if the triangle is equilateral and 
if P is its centre. 

L. Carlitz, Amer. Math. Monthly 71! (1964), 881-885. 
12.45 ReR3t+R3Rit+RiRe > rarstryitririt ey (rirkrs)2. 


Equality holds if and only if the triangle is equilateral and if 
P is its centre. 
L. Carlitz, Amer. Nath. Monthiy 71 (1964), 881-885. 


12.46 2(.'RoRs+/RsRs + Rio) 
< Ry4-R2+R3+2(7i-1ro+79). 
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Equality holds if and only if P is centroid of the triangle. 
L. Carlitz, Amer. Math. Monthly 71 (1964), 861-885. 
RoR R3Ri | Rike 


147 ee 
Yoers r3ry ryra 


Equality occurs if and only if the triangle is equilateral ind 
P is its centre. 

L. Carlitz, Amer. Math. Monthly 71 (1964), 681-885. 
12.48 Ri+Re+R3 > 2(w1+12+ ws). 


_ Equality holds if and only if the triangle is equilateral ind 
if Pisitscentre. | 

D. F. Barrow, Problem 3740, Amer. Math. Monthly 44 (157), 
252-254. 
12.49 RoeR3+Rs3Ri—RiReS 2(Riw1+ Rowot+ Rw). 

A. Oppenheim, Ann. Math. Pura Appl. (4) 53 (1961), 157~53. 
12.50 RoR34+R3hi+RiRe > 4(wow3+-waw'14+ wwe). 

Equality holds if and only if the triangle is equilatera’ nd 
if P is its centre. 

L. Carlitz, Math. Gaz. 47 (1964), 181-182. 
12.51 , RiR2R3 > 8irywow3. : ; 

Equality holds if and only if the triangle is equilateral and 
if P is its centre. 

L. Carlitz, Math. Gaz. 47 (1964), 181-182. 
12.52 R,:RoR3> (w2—w) (w3+wy) (yw). 


Equality dccurs if and only if the triangle is equilatera! ind 
if P is its centre. 
A. Oppenheim, Ann. Math. Pura Appl. (4) 53 (1961), 157-33. 


12.53 Ry2+Re2-+ Re? > a2 b2 +02). 


Equality holds if and only if P coincides wrth G. 
Encyklopadie der Mathematischen Wissenschaften, Bnd. IT’, 
Heft 6, p. 1118, and Heft 7, p. 1185. 
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R. Sturm, Maxima umd minima = der elementaren Geometrie, 


Leipzig, Berlin 1910, p- 71. 
T. Lalesco, La géométrie du triezgle, Paris 1937, p. 41. 


12.54 9 ry?+-ro? +732? > ek ae 
a?+-§?-+-c? 


Equality holds if P coincides wii Lemoine’s point. 

Encyklopadie der Mathematisch:n Wissenschaften, Bnd. IIT’, 
Heft 6, p. 1118, and Heft 7, p. 11E5. 

T. Lalesco, La géométrie du triscgle, Paris 1937, p. 41. 

O. Bottema, Hoofdstukken ui de elementaire meetkunde, 
Den Haag 1944, p. 91. 


12.55 Ifno angle > 32, then 
24 beck 12 
Ri+RetReo(<P + 253) F 


If «> éx, then 

Ri+Rk:+R; > bc. ; 
Equality holds if P ‘coincides w= Torzicelli’s point. ~ 
Encrklopadie der Mathematiscten Wissenschaften, Bnd. III’, 
Heft 6, p. 1118, and Heft 7, p. 1125. 
T. Lalesco, La géométrie du trizgle, Paris 1937, p. 41. 


12.56 a,R,+0,Ret+e,R3 
(foe a 


Te 2 
1/2 ‘ 
+ 8F. | P 
where’ 71, by, C1, F 1 are sides and arzs of a second triangle A1B Cy. 


The triangles ABC and 4 BAC. z are interchangeable. 
O. Bottema, Hoofdstukken t= de elementaire meetkunde, 
Den Haag 1944, p. 97-99, 
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13. Necessary and sufficient conditions for the existence 
of a triangle — 
13.1 A necessary and suiicient condition for a triangle to exist 
is 
max (a,b, c) < $(a+6++¢). 
13.2 If a = naax(a, b,c}, then a necessary but insufficient 
condition for a, b, c to be the sides of a triangle is 


4a? < F240? < 2a?. 


13.3 Let f(x) lve any non-negative, non-decreasing, subadditive 
function on the domain z > 0; for instance’ f(z) = Wx (n a 
natural number). 

If a, 6, c formn a triangi:, then f(a), /(0), f(c) form a triangle. 


Proor. From 
a<be, 
we have 
Ha) <Hb+e) <7)+4(C). 

Cyclic permutation of «. 8, ¢ then yields the additional ine- 

qualities 
42) < He)-1(@), He) < f(a) +f), 
therefore /(a), £({5),.f(c) form a triangle. 

This proof is due to J. L. Brown, Jr. Amer. Mathem. Monthly 
67_(1960), 82-83. 

Remark. The theorem is a generalization of Problem E 1366, 
Amer. Math. Monthly 65 (1959) 423, and 67 (1969), 82-53, 
proposed by W. E. Hogzatt, Jr., where the case f(x) = Vx is 
considered. 

13.4 Let #, g be real sumbers such that 4+q = 1. Then a 
triangle with the sides a, 3, c exists if and only if 
pa’tgi- > pqc? for all 9, g. (3) 
Proor. A triangle witt sides a, B, c, exists if and only if 


a4-b—c > 0, 64+c~—a > 0, cpa—db>0. (2) 
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R. Sturm, Maxima umd minima = der elementaren Geometrie, 
Leipzig, Berlin 1910, p- 71. 
T. Lalesco, La géométrie du triezgle, Paris 1937, p. 41. 


12.54 9 ry2+-re? 4-73? > ak ae 
a?+-5?+-c2 


Equality holds if P coincides wri Lemoine’s point. 

Encyklopddie der Mathematisch:n Wissenschaften, Bnd. ITI’, 
Heft 6, p. 1118, and Heft 7, p. 11E. 

T. Lalesco, La géométrie du triszcgle, Paris 1937, p. 41. 

O. Bottema, Hoofdstukken ur de elementaire meetkunde, 
Den Haag 1944, p. 91. 


12.55 If no angle > 3x, then 
2d. GA 2 12 
Ri Ret Ra>( + 23) : 


If «> gx, then 
Ri+R2+R; > bc. 
Equality holds if P ‘coincides w=3 Torricelli’s point. ~ 
Encrklopddie der Mathematiscten Wissenschaften, Bnd. III’, 
Heft 6, p. 1118, and Heft 7, p. 1125. 
T. Lalesco, La géométrie du trizgle, Paris 1937, p- 41. 


32.56 a,R,+0;Ro+e1Rg 


j= by2+-cy7) 4+-b2(ay2 —E--— ¢;") 4-0?(ay2-+ B23”) 
f 2 


12 
+ 8F Fi] ; 


where's, 51, c1, Fi are sides and azz2 of a second triangle A1B,Cj. 
The iriangles ABC and 418,C- are interchangeable. 
OQ. Bottema, Hoofdstukken t= de elementaire meetkunde, 
Den Haag 1944, p. 97-99, 
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13. Necessary and sufficient conditions for the existence 
of a triangle — 
13.1 A necessary and swiicient condition for a triangle to exist 
is 
max (a,b, c) < $(a+b++¢). 
13.2 If a = max(a, b,c. then a necessary but insufficient 
condition for a, 5, c to be the sides of a triangle is 


$a? < b?4c? < 242, 
13.3 Let f(x) ne any non-negative, non-decreasing, subadditive 
function on the domain s > 0; for instance’ f(x) = Vx (n a 
natural number). 
If a, 6, c form a triangk, then f(a), f(b), f(c) form a triangle. 


Proor. From 
a<b-e, 
we have 
Ia) <ib+e) <7)+4(9. 

Cyclic permutation of « 56, c then yields the additional ine- 

qualities 
(8) < f()-7(@), 1) < f@)+7(), 

therefore f(z), f(b),.f(c) form atriangle. 

This proof is due to J. L. Brown, Jr. Amer. Mathem. Monthly 
67_(1960), 82-83. 

REMARK. The theorem is a generalization of Problem E 1366, 
Amer. Math. Monthly 64 (1959) 423, and 67 (1960), 82-83, 


proposed by W. E. Hogzatt, Jr., where the case f(x) = Vx is 
considered. 


13.4 Let ~, g be real sumbers such that 4-+q = 1. Then a 
triangle with the sides a, 5, c exists if and only if 


pa*+gi- > pqc? for all 4, q. (1) 
Proor. A triangle wit: sides a, d, c, exists if and only if 


at-b—c > 0, 64+c—a > 0, c+a—-b>0., (2) 
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“We shall prove that (2) is equivalent to (1). Let 
. K = pa?+ qb®—fpge*. 
Since q = |—#, we have 


K = pat+(1—p)b?—p(1—pe? 
= c2p2+4 (a2—b2—c2}p+ 52, 


where a, 6, c are fixed and # is a variable. Therefore K is a 
quadratic trinomial in respect to p. In order to have K > 0, 
x is necessary that 


D = (a?—b2—c?)?—467c? < 0, 


(a-+b+-c)(b+c—a)}(c+a—b)(a+5—c) > 0. (3} 


If the triangle exists, then (2) holds, so that D < 0. There- 
bre if a, b, c are the sides of a triangle, then (1) is valid. 

Inversely, if D < 0, then (3) holds, i-e. a, 0, ¢ are sides of a 
tangle. = 

V. B. Lidskif, L. V. Ovsjannikov, A. N. Tulaikov and M. I. 
Sabunin, Zadati po elementarnoi matematike, Moskva 1962, p.21- 


33.5 -Let a, 8, y be the angles of a triangle. Then a triangle 
vith sides cos? «/2, cos? 6/2, cos? y/2 exists. 
T. P. Cerepanova, Matematika v gkole 1966, No. 6, 66. 


73.6 Let a, B, y be the angles of a triangle. Then a triangle 
whose sides are cos «/2, cos 8,2, cos y/2 exists. 

Matematika v Skole 1963, No. 3, 89. 

REMARK. 13.6 foilows from 13.5 by means of 13.3. 


3.7 G. Petrov has given a series of the necessary and safficient 
tenditiors which must be satisfied by certain elements of & 
tangle: 7 

2ab 
an 
2°. d—2b-—-2mg > 0, a—2b+-2m,g > 0, ~d+ D542, > 0. 


1. O< wae < 
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3°. 27 < hyp <a. 
4°, 8Rwa> a?+-4u,? for a< Zerg, 


2R>a for a > 2g. 
5°. a<b+e, 2mg< b+c, (6+)? < a2+41ng?, 
att Ah,? 


a 2R >a, 2R= ah, 


Tr > 0, 4r8-4-4(202-4- 262-4 Zabjr4 
.4(a4—a3b—a2b2—ab3-+ b¢)72—a2b Xa —bis2 < 0. 


G. Petrov, Casopis pro peStovani matematiky 77 (1952), 77-92. 


13.8 A necessary and sufficient condition for the existence of 
a triangle with the elements R, 7 and s, is 


s#—2(2R?2+ 10Rr—r?}s?-+-7(4R — 73 < 0. 


R. Sondat, Nouv. Ann. Math. (3) 10 (1891), 43*-47*. 


14, Miscellaneous inequalities for the elements of a tri- 
angle . 
14.1 If hy, 42, 4g are real numbers, then 
ae (Ai-+4e-bAs )2R? > j Aohga 2131102 Ayhoc?. (1) 


Reuark 1. Taking for /1, 42, 73 special values we deduce from 
(1) the following inequalities: 


4.4 for Ay = a2, 2 = 07, J3 = c?.. 

4.7 for Jy = al4s?—a2—32—c2—2sa), 
dg = bf4s2— a? —b2-c2 25d), 
Ag = c(4s?—a?—}?—¢? —2sc). 

5.1 for 77a, 4. = 6, 7g =e. 


5.13 for Ay == 2s—<a, As a= 2s-—32. 74 == 2s—c anc for 
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5.25 for A, = 2s—a, Ap = 2s—h, Ag = 2s—c. 
5.7 for A, = a(s—a), 4g = b(s—d), Ag = er 
REMARK 2. O. Bottema has giwen the folowing remarks: 
1°, (Ay Ag+-A3)2R2— (Agtga?2+-40g410?+-Aj4c7) has a geometri- 
cal meaning: it is equal to 272GO? (A= Ay-++i2+-43 & 0) in which 


G is the centroid of the points 4, B, C if Ge weights 4, do, 43 
are given to them. From this the inequality (1) follows. 


2°. Equality holds in (1) if and only if & and O coincide. If 
41, 22, ag are given a triangle for which this occurs exists if and 
only if a triangle exists, the sides of which are Aj], [Ao!, {2a]. 

O. Kooi, Simon Stevin 32 (1958), 97-101. 

QO. Bottema, Simon Stevin 33 €1959), 97-:00. 
14.2 '2F <a®—ab+0?, 4F < a2-+062, 8F <(a+d)? hold for each 
triangle. 

Equalities hold only for the right isosceles triangle. 

Z. A. Skopec and V. A. Zarov, Zadati i tcoremi po geometri, 
Moskva 1962, pp. 81-82. 
14.3 If s?=4ab, where A> 1, then ero 

- §<da, s< db, o< A—IJa, c< (A—1)b. 

W. O. Pennell and A. L. Epstein, Prodlem E 1068, Amer. 
Math. Monthly 61 (1954), 49. 
144 If.a>b>c, then 

1°. s<a<s, ds<b<s,Q<c<Zs. 

2°. a/8<Ka<a, O<P<al2Z, O<y cad. 

3°, O< ha < 4sv'3, O< hy < 4sV3, INE <Ae<s. 

4°.0<uac ts¥/3, O< wy < gs, is /3< We <S. 

5°. 0< mte< §sV3, ds << my < 3s, Isvi< Me SS. 

6°. 2V3<R< +00. 


: 


7°. O<r<isv3. 
VM. Cernov, Matematika v Skole, 195 No. 3, 91-95. 
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14.5 If a>bSe, then 
alg > b+hy Ss+he. 


A. V. Aljaev, Matematika v Skole,!963, No. 3, 88 and 1964, 
No. 2, 74. 


146 If b= med(a,b,c}, then 


ty 


| % 


+72 22k, 


for c+-a@ 2b. 
S. G. Guba, Matematika v Skole, [55, No. 5,69 and 1966, 
No. 4, 77-78. 


14.7. Ifa is the basis of an isosceles <riangle and w the angle- 
bisector of an angle on the basis, thet. 


fa <w <a 
Matematika vw Ekole, 1963, No. 2, 8E 
148 a> 2hq tg a/2. 
‘Matematika v Ekole, 1665, No. 4, 72. 
14.9 Ofa triangle is one of the angle-4g, then 
5 Mica 
O. Bottema, Wake Opgaven 20 (1953, 4. 
14.10 Let pi, p2, ps be the radii of th circles which touch two 
sides and the circumcircle of a given ziangle. Then 


4r < pitpe-p3 <2R. 


-REM2&K. The first inequality is dueco K. V. Vetrov and the 
second to S. T. Berkolafkeo. See: K. *) Vetrov, Matematika v 
skole, 1956, No. 3, 59 and S. T. Berkoliko, Matematika v Skole, 
1967, No. 2, 74. 


14.11 If Ay, Bz, Cy are points on th: sides BC, C4, AB of a 
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triangle, repectively, then 
1 AdA1+BB,4+CC, s 3 


2< atbte 2 
Gaz. Me. B& (1957), 163. 


14.12 Lei be a positive number. Let X and Y denote given 
points on me sides of a triangle ABC, such that 
{XAB_ XYBA _ 
xCAB  <xCBA 
Then tie following equivalences hold: 


AX > BY = AC > BC, 
for O<iz<1, 
CY >CX = AC > BC, 


for 0<7<1, 
AY > BX = AC > BC, 


for O<2<h. 
C. Max, Problem E 1626 Amer. Math. Monthly 70 £1963), 
891 and “i (1964), 684-686. pieaee 


14.13 cet P be a point inside a triangle ABC. Let 4’, B’, C’ 

be the imersections of the lines AP; BP, CP with BC, CA; AB 

respectrealy. Then, if 4A’ > BB’ and 4A'> CC’, we bave 
AA’ > PA’+PB'+PC', 

with equlity only for 44’ = BB’ = CC’. 


1414 °H> IHJ2. 


Equéity holds if and only if the triangle is equilateral. 
S. G. Suba, Matematika v Skole, 1966, No. 3, 60. 


cos? p--cos*; | cos* y--cos? = 
14415 ———-———- +- ——_——-—_——_ 
cos f+-cos 7 cos y-+cos a 


; cos? x+cos? £ r 


-21l+—. ) 
2 (1) 


ccs x+cos 
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Proor. By adding together the relations 
x24+y2 > xy and 22+ y? = 22+ y?, 
we.get 
2(x?-+y?) > (x-+y)?. 
Whence, for x+y > 0, 
x2 4-2 = x+y 
xty ~ 2 ' 
yrtz2 : 22 x2 4 x2+-y2 


ytz2 ' ate ° x+y 


Brty+s. (2) 


‘Since cos B--cos y > O, etc., for x = cose, y= cos fp, z= 
cos y, from (2) follows (1), because cos x-+cos B+-cos y = 1-+7/R. 
Gaz. Mat. B13 (1962), 133-134. 


14.16 If 7, and m, are perpendicular to each other, then 
cotg B-+-cotg y > %. 


S. Reich, Problem E 1839, Amer. Math. Monthly 72 (1965), 
1129. 


14.17 Let P be a point on the median mg of a triangle ABC. 
Let BP and CP meet the sides AC and AB in the points E and 
F- respectively. Then, if AB > AC, we have BE > CF. 
K. Tan and N. Harrell, Math. Mag. 38 (1965), 57~58. 
14.18 Let a square with the side @ be inscribed in a triangle. 
Then 
: r/2 <a<i 2. 
14.19 Ifa square lies inside a triangle, the area of the square 
does not exceed helf the area of the triangle. 
D. J. Newman, Problem E 1425, Amer. Math. Monthly 67 
(1960), 593 and 68 (1961), 180. 
14.20 Let P be a fixed point in 2 plane and consider in the 
plane the set of triangles ABC with 


PA? + PB? PC? = 32, 
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where ¢ is a constant. Then BC-CA-AB is maximun if and only 
if ABC is an equilateral triangle with its vertices m the circle 


with centre P and radius e. 
A. C. Aitken, Proc. Edinburgh Math. Soc. (2) '3 (1962/63) 


173-174. 
14.21. If D, E, F are the intersections of AJ, BI,CI with the 
sides BC, CA, AB respectively, then 


AI >1ID, BI >IE, CI> IF. 
Proor. Since the angle-bisectors are cevians, we have 
AI AF AE ec b+te 


b 
7D FB EC on 'a@ a 


Tien-Hsung Lin, Math. Mag. 38 (1945), 158-159. 
Ch. W. Trigg, Math. Mag. £0 (1967), 28. 


14.22 Let dg<dp<d,, where dg, dy, d, are the distances of 
the circumcentre of a triangle to its excentres. The. 


R<da<2R, R<dy<RV5, R<ade<iR 
H. J. Baron, Téhoku Math. J. 48 (2941), 185-1. 


14.23 Let the incircle of a right triamgle touch it hypotenuse 
at N and one of the sides of triangle at Af. Then 


[3 
MN < a? 


c, 


where c is the hypotenuse. 
E. A. Bokov, Matematika vw Skole, 1963, No. 4,4 and 1964, 


No. 4, 78. . 
14.24 I£R1, Re, Ry are the radii of che circles insribed in the 
sectors 40B, BOC, COA, respectively, then 

<n eee 3423 

Ri | Re Rs Re 


Ja. I. Gerasimov, Matemacha v Skeole, 167, so 3, 64. 
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14.25 Let 7 and 7’ denote Brocard’s poins in a triangle, then 
2:TT' << R. 
‘ T. Lalesco, La géométrie du triangle, Paris 1937, p. 120. 
V. G. Cavallaro, Mathesis 53 (1939), 155-240. 


14.26 Let M and N be two points one wit apart. With M 
and N as centres and with unit ra-:dii draw arcs ANB and AWB. 
Let Q be any point on arc AMB and P, ani Pe any points on 
arc ANB such that N is the midpoint of arc PyP2. Then 


QCPi+QP2<2< QPi?+QP2. 
A. W. Goodman, Amer. Math. Monthly 52 (1951), 564. 


14.27 If d denotes the distance between tle circumcentre and 
the incentre of a triangle, then 
(R—d)GR+4)3 < 4R%s? < (R+d){UR—d)3. 
Equalities hold if and only if the triangle © equilateral. 
_O. Bottema, Nieuw Arch. Wisk. 13 (1965 , 246. 
14.28 In any triangle ABC 
at 
ee 2 6 
in which w denotes Brocard’s angle. 
Equality holds only for the eqriilateral trizngle. 
PRooF. Inequality follows from 
cotg w = cotg «-+-cotg B+co-zy 


by means of 2.38. 
T. Lalesco, La géométrie du triangle, Pari: 1937, p. 120. 


14.29 Let P be an interior peatnt of the aiangle ABC. Let 
L, Af, W be the points in which che lines 47. BP, CP intersect 
the sides BC, CA, AB respectively. Then 


8-AM-BN-CL < abc. 


Equality holds if and oaly if F is the centccid of the triangle. 
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S. I. Zetel’, Novaja geometrija treugol’nika, Moskva 1962, 
pp. 12—13. 


14.30 Let P be an interior point of the triangle ABC. The lines 
through the midpoints of the segments AP, BC, CP parallel to 
BC, C.4, AB, respectively form, with the sides of ABC, the 
triangles with areas Fy, Fg, Fe. Then 


Fy+Fg-Fe 2 hF. 


Equality holds if and only if P is the centroid of the triangle 
ABC. 

S. Ll. Zetel’, Novaja geometrija treugol’nika, Moskva 1942, 

pp. 32—33. 
14.31 If ABC and A‘B’C’ are any two equilateral triangles in 
a plane, their vertices being taken in the same sense of rotation, 
of the three lines 44’, BB’, CC’, the sum of any two is not less 
than the third. 

The same theorem holds for any pair of directly similar 
triangles. There is equality if and only if the centre of similitude 
lies on the circumcircle of one (and therefore of both) triangles. 

C. Tweedie, Edin. M.S. Proc. 22 (1904), 22-26. 

P. Pinkerton, Edin. M. S. Proc. 22 (1904), 27. See ee 


15. Inequalities for quadrilaterals 
15.1 s<pigq< 2s. 
F. A. Andreev, Matematika v Skole 1953, No. 1, 58-69. 
15.2 s(pt-tgt) > pttitgt, 
where ¢ is a positive number. 


- REMARK. This is a generalization of the problem proposed in 
Gaz. Mat. 12 (1951), 175. 


15.3 For any convex quadrilateral there exists at least one 
side which is smaller than the greater among its diagonals. 


154 AC-BD<AD-BC-AB-CD. 
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ProoF. Ex the inversion with centre A and power dB-AC-AD 
the points £ C, D are transformed into By, C1, Dy so that Bi€ 
= AD-BC =c. Theorem follows from the triangle inequality for 
Bi, Cy, Dy. 

. Equality iolds if and only if A, B, C and D are on a circle. 


! 


15.5 If 4.3, C and D are arbitrary points, BC = a,CA =}, 
AB=c, Ab =p, BD =q, CD =r, then 
(—2p+-bq--er) (apb—bq-ter) (ap+-bg—cr) > O 
Equality mly if the four points are on a circle. 
Corotiar 1. If BC = CA = AB, then 
(—fp+9—")(p—g-+r)}(+¢—r) 20 (Pompeiu’s theorem). 


CoroLiarz 2. If the triangles ABC and POR are given a 


point D exiss with the property au BD:CD = p:q:r if, and 
only if 


e 


(—2p + bg +-cr) (ap—bq+cr) (ap +-bg—cr) > O 


The two angles may be interchanged. 
O. Bottem:, Euclides 38(1963/64), 129-137. 


! 
15.6 ee) Sa. 
minis b,c, d, $,¢) 


REMARK. This theorem has been a problem at the competition 
for secondary school students in Hungary in 1961. 


15.7 RoicF>0. 
- Equality mly for a square. 


_ REMARK. this is the isoperimetric inequality for quadri- 
laterals. See. for example, N. D. Kazarinoff, Geometric Inequali- 
ties, New York 1961, p. 51. 


158 4F <ute}(b+d). 


Equality oily for a rectangle. 
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Proor. Since 


4F = ad-sin «-4-ab-sin B4-bc-sin y+ced- sin 6, 
and : 
sina, sinf, siny, sind <1, 
we obtain | 
4F <abt+ad+beted = (a+c)(b+d)- 
15.9 If x and y are the segments connecting the midpoint: of 


the opposite sides of a quadrilateral and if z is the segment 
connecting the midpoints of the diagonals, then 


x2 y2+ 22 > 2F, 
Ju. I. Gerasimov, Matematika v Skole 1967, Na. 1, 83. 


15.10 If Pand @ denote the midpoints of the sides BC and 4D, 
then 
j|AB—CD| <2PQ < AB+CD. (1) 


ProoF. Consider the triangle IPQ, Af being thhe midpoir: of 
AC. Then 
AB+CD = 2(PM+Q4) > 2PQ. 


Similarly, we have 
_|AB—CD| = 2|PAI—QM| < 2PQ. 


Equality in (1) holds if and only if AB is parallel to CD. 
J. I. Nassar, Problem E 1617, Amer. Math. Monthly 70 (13), 
758. 


Ct ee eee arree 
c a q ? 
unless ¢ = a. 
C. V. Durell and A. Robson, Advanced Trigo:nomeiry, Lon- 
don 1948, p. 281. ; 


15.12 If AB+BD=AC+CD, then AB < AC. 


ProoF. Adding the inequalities 
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PA+PB> AB, PC+PD>CD, 
because AB-+-BD = AC-+CD, we have 
AC+BD > AB+AB+BD—AC, 
ie, : 
AC > AB. 
15.13 If P be the intersection of diagonals and if the Sistances 
of P from the sides AB, BC, CD, DA are x, v, z and éreszectively, 
then 
. 2Ax+y+z-+-t) < 3s. 
Proor. Let the bisectors of the angles between the Sagonals 
AC and BD meet AB, BC, CD, DA in R, S, T, U. 
By a corollary of the Erdés-Mordell theorem (see: 1213) 
24PS + PT) << PB+PC +PD 
2(PT + PU) < PC +PD+PA 
2(PU + PR) < PD+PA+PB 
2(PR + PS) < PA+PB+PC 
or 
4(PR+-PS+PT+PU) <3(PA+PB+PC+PI. 
This inequality is stronger than the one proposed be-ause 
axpytettic PR+PS+PIF+PuU 
and 
PA+PB+-PC+PD < at+6+c-d. 
H. Demir-L. Bankoff, Math. Mag. 39 (1966), 305 and 40 
(1967), 166. 
15.14 Let ABCD be a convex quadrilateral and let 7 be the 
intersection of diagonals AC and BD. Let the lines though P 
parallel to AB, BC, CD, DA intersect 4D and BC at 4. and By, 
AB and CD at B, anc Ce, BC and DA at Cy and Ds, CL and AB 
at D; and dg respectively. Then 
AiB, BiCg CD. Dy-+Ae 2s 


AB BC CD DA 
S. Zetel’, Matematiza v Skole 1949, No. 4, 62. 
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15.15 Ifa quadrojateral hasa circumscribed circle with radius 
R and an inscribed circle witi radius 7, then 


R> rV2. 
Ju. I. Gerasimow and O. A. Kotil, Matematika v Skole 1964, 


No. 1, 8. 
L. Carlitz, Math. Mag. 38 (965), 33-35. 


15.16 4F <a?+82+c2+-4?2, 

Equality only for a square. 

Z. A. Skopec and V. A. Zazv, Zadaéi i teoremi po geometrii, 
Moskva 1962, p. 82. 


15.17 4F <p2+@?. 
Equality holds if and only = the diagonals are orthogonal and 
equal. 
Z. A. Skopec and V. A. Zanv, Zada¢i i teoremi po geometrii, 
Moskva 1962, p. 82. 


15.18 Let four points 1, B 7, D be given. 

1°. If Dis in the interior or on an edge of triangle ABC,-then; 
for all points P 
PA+ PB+PC—2D>DA+DB+DC. 

Equality holds enly if P concides with D. 

2°. Ifno vertex is on or in-he triangle formed by the other 
three points, then 

PA+P2+PC+PD 

is minimal for the point of imersection of the diagonals of the 
convex quadrilateral defined iv the four points. 

H. W. Guggenkeimer, Plare Geometry and its Groups, San 
Francisco, Cambridge, Londor, Amsterdam 1967, p. 178. 
15.19 Let 41, Bz, C1, Di be Ae midpoints of the sides BC, CD, 
DA, AB respectively. If F; is the area of the quadrilateral 
enclosed by the lines 443, B71, CC1, DDy, then 
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Equality only for a zarallelogram. 

T. Popoviciu, Problen 5897, Gaz. Mat. 49 (1943), 322. 
15.20 Suyspose that Ge quadrilateral ABCD is convex and AD 
is not parallel to BC. E PQ}: AD (P-intersection of the diagonals 
AC and BE; Qon AB. QR!’ BC (R on AC), RS||AD (S on CD), 
and if Fy is the area d PORS, then 


Fi<3F. (1) 
Proor. The quadriizeral PQRS is a parallelogram. 
AC AC : 
area AQC = Se ara POR = 755 Fi = area ASC = Fo. 
Hence 
Az AC AC? 
ABC = . F = - = . F 
as AC oP aR -aPR aR. 
and 


cr AC AC? 


Se see eo 
RC 7° oPr-Rc *' 


Adding together th: apove-mentioned relations, we get 


AC3 
F = —-_______ . F, 
2PR-AR-RC 
whence ep 
Fy _ RC 2AR2-RC 
—— = 272. AR— < ————_; 
, F an ACc3 = AC3 ’ 
or - 
AR 


1 
— < 2°/]|—-x), where « = ——_. 
FP ve, AC 
By applying the ariimetic-geometric mean inequality to x, 
x and 2—2s, we get (1i. 
Y. Hattori, Math. Ge. 47 (1963), 148-150. 
E. Szekeres, Math. Giz. 4€ (1964), 439-440. 


15.21 Let ABCD be x convex quadcilateral. Consider a point 
Ax on the straight lint 4B so that the point B lies between 
the points 4 and 4, ind the equalitv 44) = BC—CD--DA 
is saisfied. Ef By, Ci, D- ire Zetermine] on the ines BC, CD, DA 
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in the same manner as point Aj, then 
22 per A,B,C,D, 

3 per ABCD 
D. M. Batinetu, Problem E 1725, Gaz. Mat. B 12 (1961), 50}. 


15.22 Let A142A43Aq4 be a square and let P be an arbitrary 
point in its plane. Then 


<5, 


PA,+PAo+PA3+PAg> (142) max PAy-+min PAy, 
(i) @) 


equality taking place when P lies on the circumcircle of the 
square. 

ProoF. Without loss of generality we may assume 

PAs> (PAg, PA}) > PAs, 
Then, by Ptolemy’s theorem (see: 15.4) 
(P.A1)(4344)+(PA3)(-4144) > (P-44)(4143), 

ecuality occurring if and only if 41, P, 43, d4 are concyclic. 

Since Ag4q = A144 = A1As/V2, we infer that a 

PA,+PA3>2 PAgN2. 
Hezice he Sp ae ge 
PA\+PAo+PA3+PA4q> PAs '24PAs+PAs, 

equality holding when P lies on the circumcircle of the square. 


I. S. Gal-L. Bankoff, Problem E 1308, Amer. Math. Monthly 
65 (1958), 205 and 710. 


15.23 Let 4BCD be a quadrilateral. It need noz be convex and 
may even possess a double-point. Let 
Py = (~a+b+c+d)(a—bte+a)(atb—c+d (at+b+c—d) 
and 
Ps = (a-b+e+d)(—a+b+c—d}(a—b+c—d (a+b—ce—a). 
If ?: >0, then 
Py < i6F® < Py. (1) 
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Equality at the nght side occurs if ABCD is a convex cyclic 
quadrilateral (Steiner's theorem). Such a quadrilateral exists 
always. 

If Pp > 0 there exists a non-convex cyclic quadrileteral the 
sides of which are (in a certain order) a, b, c, d. In that case the 
equality sign at the left-hand side (1) holds for that quadri- 
lateral. 

If Pz <0 no such quadrilateral exists. The inequalities (1) 
can be replaced by 
O< 16F2*< Py 


and equality at the left takes place for the quadrilateral (always 
existing in this case) for which the diagonals are paralfel. 
O. Bottema, Euclides 15 (1938), 1-13. 


15.24 O<cos? La-+y) = cos? H8+4) <1 if Po >0, 


Py 


if Px <0, 
l6abcd - 


0 < cos? 4(x+y) = cos? 1(8—d) < 
where P; and Pe are defined in 15.23. 
_O. Bottema, Euclides 15 (1938), 1-13. 
15.25 fq > |ac—bd| if Pz >0, 
p> @P—D2+2—D| if Py <0, 


where Pe is defined in 15.23. 

Equality for the non-convex cyclic quadrilaieral, resp. for that 
with parallel diagonals. 

O. Botiema, Euclides 15 (1938), 1-13. 


15.26 If 6 is one of the angles between the diagonals, then 
sin? @ = 1 if a2—b2—¢?—¢2 = 0. 


In the other cases 


Pe i 
*___<¢sin? 6 < — if Po>O 
4(ac—baj? 4(ac +-ba)? ° 
P 
Os ange aes SP peo: 


7 op 
4'ac—-hi)* 
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where P, and Po» are defirsed in 15.21 
O. Bottema, Euclides 15 (1938), 1-13. 


16. Inequalities for polygons 
16.1 For any pentagon -41;42A34.45 


5 5 
D (AAitet Aredia Aiden: > YS AiAtee? (Aus=Ai). (1) 
i=3 


i=l 
PrRooF. Since 


A Aint indie > AiAize (i= 1,...,5) 


or 
(AA tit Atti) Aide > 4idice? G@ = 1,..., 5), 


we have (1). 


16.2 Let A’, B’, C’, D’, E’ be tie midpoints of sides of a 
convex pentagon ABCDE. Then 


area A‘’B'C"D'E' > 4 wea ABCDE. 


16.3 Let ABCDE be @ convex pxtagon inscribed within a 
unit circle with 4E as diameter, tha =— 


a?+$2+ ¢21+42+abs—bed < 4, . 


where a2 = AB, 6=BC, c = CD, é=DE. 
H. Demir, Problem 1877, Amer. Mizh. Monthly 72 (1966), 410. 


16.4 Consider a regular hexagon of area F, which contains 
non-intersecting circles of radii 74, ...,7,. Then 


. 


L. Fejes Toth, Lagernzngen in dez Zbene, auf der Kugel und 
im Raum, Berlin 1953, 2. 75. 
16.5 Let (n—1)s be the perimetr of an x-gon with sides 
ag (i= 1,...,m, and iet aggs @=1,..., 2). Teen 
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n ag ; ag 


eS 
n—l dot...+4n as—...+4dn7e@1 


an n—l 
= --. i 
+ Q—...+ap-1 n—2 (1) 


Proor. Denote the expressin whose bounds we want by 
5. Since 
we have 
Ay}... $1 Gist... dn = (n—1)s—a;y > (n—2)s, 


so that 


1 (n—I1)s 
S<——~—— (a+... pn fee a 
ogee Geo, 
which represents the nght-han= side of (1). 
Since we can write S in the tmm 
1 
c= ( is fe cee 
! ag... ag ag... dg ay 
is proees ed oe iat — 8 


and since by the zrithmetic-hamonic mean inequality we have 
1 1 es 4 1 
Wate. tan | age On at tant 


2 mA*[(ae+...+ey+(agt...tantay)+... 


the left-hand side of (1) follows =om (2). 

This proof is do2 to P. M. Vase. 

M. Petrovié, Betletin Mathéc-cique de la Suciété Rocumaine 
des Sciences 40 (1238), 205-202. 
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S. Pavlovi¢é, Uvodjenje mladih u nautni rad, I, Matematitka 
bibli:teka, sv. 18, Beograd 1961, 139-142. 
16.6 For every convex n-gon, with area F, 
n 
Dd a2 > 4F tg eae 
imi n 


Prior. We use the fact that of all n-gons with the same peri- 
mete, the regular n-gon has greatest area. Thus 


naz 
F<-——— 
4tgajn 


n 
wher: a == X) a. The Cauchv-Schwarz inequality, however, 
i=l : 
gives 
na =n (YS a)?@<ca dS aP)(S) = BJ a, 
i= t=1 t=1 i=l 

where the desired inequality follows. 

E. Just-N. Schaumberger, Problem 1634, Amer. Math. Month- 
ly 77 {1963}, 1005 and 71 (1964), 796. 


16.7 Let P be an internal point of a corivex n-gon. If vz-is the 
radirs of the incircle of the tnangle 4;P4z,-) (Rk = 1, ..., nand 
ee aE: 

ee). =: 
3N3 
Ts inequality is due to Chr. Karaniiolov. 
16.8 Let R, be the distances from an interne! point ? of an 
a-gcz to its vertices, and 7; be the distences from P to its 


sides. Then 


rs n 
Ry...Ra> ceo) T1...Tn. 
n 


L. Fejes Toth, Lagerungen in der Ebene, auf der Kugel und 
im F2um, Berlin 1953, p. 33. 


Rewark. For 2 == 3 we have 12.25. 
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16.9 Let Ai, ...,An be the vertices of a convex n-gon and 
P an internal point. Let Ry = PA, and let rz be the distance 
from P to the side AyA xa. 

L. Fejes Téth has conjectured the following inequality 


n 


Es 4 n 
(cox =) XY Rez ¥ rx. (1) 
Ri] ket kel 

For = 3, (1) reduces to the Erdés-Mordell’s inequality 
(see: 12.13). 

Inequality (1) for 2 = 4 was proved by A. Florian. 

Later, Lenhard proved (1) for every natural number » > 3 
and deduced the following stronger inequality 


(co =) URS DY wp, 
mm / kel k=] 
where w, is the segment of the bisector of the angle 4: PA4x+1 
== 29; from P to its intersection with the side A, A x41. 
Lenhard proved also that the following inequality holds: 


Ps 
VAyRyzi COS OS We DS re. 


L. Fejes Toth, Lagerungen in der Ebene, auf der Kugel und 
im Raum, Berlin 1953, p. 33. 

A. Florian, Elem. Math. 13 (1958), 55-58. 

H. C. Lenhard, Arch. Math. 12 (1961), 311-314. 


16.10 Let Ay,...,A4n be the vertices of a regular polygon and 
let P be an point in its interior. Then at least one of the angles 
A,PAj satisfies the following inequalities 


J 
ali _ ~) <A PAK 2. 
n 


P. Erdés, Prablem 4086, Amer. Math. Monthly 50 (1943), 391; 
5i( 1944), 480 and 54 (1947), 117. 


16.11 Let Ay, ..., An be the vervices of a regular polygon, P 
any point, then 
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1-+(—1)* % 
+ = Se OSES 
> AgP > |{ cos— i mex ApP 
k=l 2n & 
. 1+(—1)*_. 
+ ——— 2m A;P. 
2 z 


This result is the best possible. 
I. S. Gal, Bull. Ecole Polytech. Jassy 3 ae 72-106. 


REMARK. This inequality is a generalization of 15.22. 


16.12 Let A1,...,Ap be the vertices of a conv=x n-gon and 
P an internal point. Then 
L n L 


Zz ArP oa ate 
ee 


where L is perimeter of the #-gon. 
A. Natucci, Periodico Mat. (4) 29 (1951), 98-1C:. 


16.13 Let P be an internal point of the coz=x polygon 
Ai, ---,4n. Let R; denote the distance from P = the vertex 
A,andrzits distance te theside AA p13. Letze= <4p 4. 4p4uey. 
Then 


= Rusin > 2 > rhe (1) 


Equality holds if al only if all sides of the polyg-« are etatgent 
to a circle with centre P. 

PRook. Let fy = <PA;zAr+z1. From the triexgie PAz,P,, 
where Py is the orthogonal projection of P cm: the sides 
AzArzi, we get 

re=Rysingy (k= 1,...,7). (2) 
From the triangie P444,;Pr we obtain 
Te = Rez sin (eps Bras) (R=1,... 2-1). (3) 
Tn = Ry sin (a1 —fy). 

Adding together (2) and (3), we get 
2 = rh = S Ry, [sin (ap—fx) sin Bx. 


£=1 k=} 
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n 
sees Ree ee fe). (4) 
k=1 k=l 2 (2 

Using cos{(az/2)—8z] < 1, (4) gives (1). 

Equality holds if and only ef cos[(oz/2—f,] = 1, Le., if and 
only if.«, = 28%. This conditien is satisied if the sides of the 
polygon are tangent to a circle with cenze P. 

This result is due to R. R. Janie. 


16.14 If F is the area of an #-gon of dizmeter |, then 
n 
2 
N. D. Kazarinoff, Analytic Imequalities. New York 1961, p. 84. 


4 
F<— cos — tg —. 
n 


16.15 Let 4)...An be a conwex polygoz and let 
ap CApyApAnes (2 =2,-.., 2-1) 
P= SAn-idndr, po Y4adite 
be its internal angles. If 


A\Ao = 42A3=.... = An-t4n = AnA1 
and 
a2 Page... Baa . (1) 
then 
ig y = Y. (2) 


Inequality holds in (2) if ancl only if az least one inequality 
occurs in (1). 

S. Bilinski, Glesnik meatem-atitko-fisiéti i astronomski, 16 
(4961), 1S5-201. 


16.16 Let a polygon contain «a circle wit radius r. Then 


Q@ytaot+...+4y 2 1% 

——_—-—* & min ——________.. 
n Haytloa-...+1/an 

Equality hoids only for 1 = 3. 

F. Leuexberger, Elem. Math. 15 (1960), 77-79. 
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16.17 Let a,....,4n be the distances of any point on the 
circle, circumscried with radius R about a regular x-gon, to 
its vertices. Ther 
RV2n<ayt+...+a.< 2a (1) 
Prowr. Since 
ay?+...+ay? = 2Rn, 
{a,\+ rarer tn)? 


" 


<a... tan? < (ait... +en)?, 


inequality (1) is Adeed true. 
M. ‘Petrovic, Zatunanje sa brojnim razmacima, Beograd 
1932, yp. 82, 


16.18 With the notation of 16.17, we have 
2R cott— Sayt+...+a, < 2R cosec — 
2n i 


P. M. Vasié an? Z. Zivanovi¢, Univ. Beograd. Publ. Elektro- 
tehn. Pak. Ser. Mit. Fiz. No. 181-No. 196 (1967), 67-68. 


16.19 About a <rele is circumscribed a regular polygon of n 
sides each of Jeng: ay, and within this circle is inscribed a regu- 
lar pofygon of & sides each of ae by. Then the fey 
inequalities hold: 
any > ba (n = 3, 4), 
Onn < By (n = 5,6,...), 
Zan > bgtbysi (n = 3,...,8), 
2ay-2 << by tbat (n =9,10,.. ay 
N_. Obreskov, 2roblems 30 and 31, Fiziko-matematiceskoe 
spisanie (Sofia) 2.1960), 310-312, 
16.20 If £4 is th: sum of all the perpendiculars from the centre 
to the sides of a mzular polygon of & sides which is inscribed in 
a circle of radius z, then 
Spey —Sp > R. 
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16.21 Gren a circle C of circumference U. Let pn be the peri- 
meter of Sle regular #-gon inscribed in C and P, the perimeter 
of the circumscribed regular m-gon (n > 3). Then 


1°. The sequence (fq) is monotonously increasing, and 
the sezuence (P,) is monotonously decreasing; 


2°. 8bn+iP, > U. 

A pros: of this inequality, due to D. D. Adamovi¢, can be 
found in: D. S. Mitrinovic, Elementary Inequalities, Groningen 
1964, pp. 115-117. 

16.22. Gvena circle C with radius R. Let 0, be the perimeter 


of the regilar x-gon inscribed in C and O, the Permacicr of the 
circumscrbed regular n-gon. Then 


Ont+On > 4a. (1) 
PRooF. We shall first prove that 


sinz+tg x > 2x for O<x<s. (2) 


Consid= the function f(x) = sinx+tgx—2x. Its derivative 
is 
(1 —cos %)(1+-cos x(1 —cos x)} 


costx: = °° + cos? x: 


| f'(#) =c0s x+ 


Since 70) = 0 and f(x) >0O for O<x<2,2, one gets 


Te) > 0, 22., (2). 
Since o, = 2Rnsina/z and O, = 2Rn tga/n, we have 


On +On = 2Rn (<in pas + tg 2), 
n 


nt 
For #2 3, we get 0 < a/n < 2/2 and consequently 
2 ar z s 
sin — +ig— >2—. 
% ‘/2 ni 


Therefoz: (1). 
Matemecka v Skole, 1965, No. 3, 76. 
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16.23 Let F, L, r, R be area, perimeter, radims of incirle, 
radius of circumcircle respectively of a convex n-gon. Then 


% . ot 
nr tg—- < F< pnR? sin —, 
nn 


1 , # 
2nrtg—< DL <2uR sm—. 
n n 


Equalities hold if and only if the n-gon is equilateral. 
J. Karschak, Math. Ann. 30 (1887), 578-581. 


16.24 The area of any x-gon, inscribed in an unit circle is at 
most equal to In sin’2x/n. 

REMARK. This inequality was to be proved by high school 
students on competition in China in 1957. 
16.25 Given a convex polygon inscribed in a circle, with veti- 
ces A1,.--, An. Consider a second polygon, whose consecuzve 
vertices are the midpoints of the arcs A}A2, Ag-da, .-., Andi. 
Then the area of the second polygon is greater or equal to the 
area of the first polygon, with equality if and only if the imal 
polygon is regular. S222 

M. S. Klamkin, Math. Teacher 60 (1967), 323-328. 
16.26 Let vr, R, L be the radius of the incircle, radius of the 
circumcircle and the perimeter of a regular polygon, respectively. 
Then 

22 VR? < L < 3x(r+2R). 


E. Catalan, Question 65, Mathesis 2 (1€82), 85-88 and 245-243. 


16.27 If ¢, denotes the area of a regular a-side-d polvgon in- 
scribed in a circle of unit radius and if T, denotes the area :fa 
regular n-sided polygon circumscribed about this circle, tha 
Stal n — tnt2T, 
. Tat2te 3 


P. Szdsz, Mat. Lapok 5 (1954), 73-78, 
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16.28 Denote L and L’ the perimeters of two polygor inscribed 
in the same circle. If the largest side of the second is les than the 
smallest side of the first, then 
Ler 
J. V. Uspensky, Amer. Math. Monthly 34 (1927), 47-250. 


16.29 Let Fy be the area of the convex polygon inscribed in 
an unit circle and let F, be the area of the circumscrit-d polygon 
whose points of contact with the circle caincide with ie vertices 


of the inscribed polygon. Then 
F itF, o> 6, 
Equality holds only for squares. 
Remark. This inequality wes conjectured by P. Szdsz and 
has been proved by: J. Aczél and L. Fuchs, Composizo Math. 8 
(1950), 61-67. 


17. Inequalities for a circle 


17.1 Let P be a point inside the circle K of relus R. If 
arc 1F =arc FB, with arc48< Ra and P4 <?B, then 


“~S 
APF > FPB. 

Rewark. This theorem was given to be proved br secondary 
schoo} students at the competisjon in Hungary in 1%). 


17.2 Let A and B be two points outside a circle X and let 
the straight line segment AB vot intersect this circis If C and 
D are the points of contact of tangent Hines drawn tom A and 
B wich opposite orientation to the circie A, then th: following 
inequalities hold 

|AC—BD| < 4B < AC+8D. (1) 


If che straight line AB intersects the circle K neithe-nequality 
in (1} holds. 


Proor. Let the straight line segment 4B noz intrsect this 
circle. Consider the triangle 42M, if being the intec-ction of 
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the tangent lines. We have 
AM+BM >2z8 > |AM—BM|. 
Since . 
AC > AM, BD> BM, MC = MD, 


we get 
AC+BD > 23 > |AC—BD\. 


If the straight line AB cuts ite circle we shall have two cases: 


1°. the points of intersectim of the straight line AB and the 
circle lie between A and B; 


2°. the points of intersectim of the straight line AB and the 
circle do not lie between A ain B. 
lf 1° holds, we Bave 


AB > AE=~2B > AC+BD, 


where E and F are the interz<tion segment AB with OC and 
OD respectively. 

lf 2° holds, the segment 47 lies in the angle CAC’, where C’ 
is the point of comtact of th: <cond tangent line drawn from 
point A. Let us draw anothe circle, concentric to given circle, 
through point B. Let this nev circle cut AC and AC’ in poixts 
E and E’. Then 

AB < AE = A:—~EC = AC—BD. 

V.B. Lidskii, L. V. Ovsjansikov, A. N. Tulatkov, M. 1. Sabu- 

nin, Problem 362, Zadati po ¢ementarnoi matematike, Moskva 
1962, p. 62. 
17.3. A circle is inscribed ita right angle with vertex in 4 
such that it touches the legs of the angle in points A and C. 
lf a tangent line cuts the Jeg: 1B and AC in the points Vf and 
N (440 < AB, AN < AC), ten 


(AB AC) < Mi-NC < }(AB+AC). 
Proor. If K is the point a contact of the tangent JIN and 
circle, then we have MB = ik and NK = NC, whence 
MN =UB-NC. 3) 
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Since 
MN < AM+AN, 
we get 
QAN < AM+MB+AN4NC = AB+BC. 


On the eother hand, ZN > AM and MN > AN, Le., 
2MN > AM+AN, 
and because of (1) we obtain 
SAIN > AM+MB+tAN+NC = AB+AC. 


17.4 Consider two circles of radii R with centres in points Ci 
and Co. Let A be a point on the first circle, and By a point on 
the second. 

If point Be is symmetrical to point B; in respect to the straight 
line CC, «and if CyCo = R, then 


AByY?+ ABs? > 2R2. 


Proor. ‘From triangles 4BB, and 4BBs, where B is midpoint 
of the stratght line Bj Ba, we have 


ms“ 

AB, = 4B24+BB,2~2 AB BB, cas ABB, (1) 
‘ as 

-4B22 = 4B°4BB,?—2 4B BBs cos ABB». (2) 


Since A.BB,+ABB, = 2x, adding together the equalities (1) 
and- (2), we obtain 


AB + ABs? = 2(AB? = BB). (3) 
From (%) and inequality 4B > BCs, we get 
AB 2+-ABo? > 2(BC22+ BBy?) = 2-ByC 2? = Z-R?. 
17.5 If «£C and BD are two mutually perpendicular chords of 
a circle wixh radius R, then 
2R <AC+BD <4. (1) 


PRroor. Let £ be the other end of the diameter which passes 
throvgh tlhe point 4 and let P denote che point of intersection 
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AC and BD. Then we get the equalities: 
PA?+PB* = AB, PC?+-PD* = CD? = BE, 


whence 
PA®4+-PB24+ PC24+ PD? = AB?+BE? = 4R?, (2) 
On the basis of the inequalities 
r+2)2 
acne < xefyht 221 72 < (+y-pz +n, 


where x, y, 2, ¢ are non-negative real numbers, we see that the 
sum of squares on the left-hand side of identity (2) is between 


}(P4+PB+PC+PD)}? = }AC+BD)2 
and 
(P4+PB+PC+PDj? = (AC+BD)?, 
ie. 
}{AC+BD)? < 4R? < (AC+BD)?2. 

Whence (1) follows. 

M. Petrovic, Ratunanje sa brojnim razmacima, Beograd 
1932, pp. 84-85. . . eee 
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AC and BD. Then we get the equalities: 
PA?+PB% = AB*, PC?+~PD* = CD? = BE?, 


whence 
PA?+ PB24+PC24 PD? = AB?+BE? = 4R2, (2) 
On the basis of the inequalities 
z+g2 
eiytere < x2 ytt s24 72 < (zty+2+44, 


where x, y, z, t are non-negative real numbers, we see that the 
sum of squares on the left-hand side of identity (2} is between 


}PA+PB+4+PC+PD)? = }(AC+BD)* 
and 
(P41+-PB+PC4+ PD)? = (AC+8D}, 
Le. 
1(AC0+BD)? < 4R? < (AC+BD)?2. 


Whence (1) follows. 
M. Petrovic, Ratunanje sa brojnim razmacima, Beograd 
1932, pp. 84-85. . ae 
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